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Part 1 


Algebraic Topology 


CHAPTER 1 


Introductory material 


The aim of the first part of these notes is to introduce the student to the basics of 
algebraic topology, especially the singular homology of topological spaces. The future 
developments we have in mind are the applications to algebraic geometry, but also 
students interested in modern theoretical physics may find here useful material (e.g., 
the theory of spectral sequences). 

As its name suggests, the basic idea in algebraic topology is to translate problems 
in topology into algebraic ones, hopefully easier to deal with. 

In this chapter we give some very basic notions in homological algebra and then 
introduce the fundamental group of a topological space. De Rham cohomology is in- 
troduced as a first example of a cohomology theory, and is homotopic invariance is 


proved. 


1. Elements of homological algebra 


1.1. Exact sequences of modules. Let R be a ring, and let M, M’, M” be 
R-modules. We say that two R-module morphisms i: M’ — M, p: M — M” form an 
exact sequence of R-modules, and write 


0— M’ erg | ea >O, 


if 7 is injective, p is surjective, and ker p = Imi. 


A morphism of exact sequences is a commutative diagram 


0 —— M' > M >» M" ——-+ 0 
0 —— NN’ > N > N” ——, 0 


of R-module morphisms whose rows are exact. 


1.2. Differential complexes. Let R be a ring, and M an R-module. 


DEFINITION 1.1. A differential on M is a morphism d: M — M of R-modules such 
that d2 =dod=0. The pair (M,d) is called a differential module. 


The elements of the spaces M, Z(M,d) = kerd and B(M,d) = Imd are called 
cochains, cocycles and coboundaries of (M,d), respectively. The condition d? = 0 implies 
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that B(M,d) c Z(M,d), and the R-module 
H(M,d) = Z(M,d)/B(M, d) 


is called the cohomology group of the differential module (M,d). We shall often write 
Z(M), B(M) and H(M), omitting the differential d when there is no risk of confusion. 


Let (M,d) and (M’,d’) be differential R-modules. 


DEFINITION 1.2. A morphism of differential modules is a morphism f: M — M' of 
R-modules which commutes with the differentials, f od’ =do f. 


A morphism of differential modules maps cocycles to cocycles and coboundaries to 
coboundaries, thus inducing a morphism H(f): H(M) — H(M'). 


z 


PROPOSITION 1.3. Let 0 — M’ >M 4M" = 0 be an exact sequence of dif- 
ferential R-modules. There exists a morphism 6: H(M") — H(M’) (called connecting 
morphism) and an exact triangle of cohomology 


H(p) ip 
H(M) —> H(M") 


oo A 


H(M’) 


ProoF. The construction of 6 is as follows: let €” € H(M”) and let m” be a 
cocycle whose class is €”. If m is an element of M such that p(m) = m”, we have 
p(d(m)) = d(m"”) = 0 and then d(m) = i(m’) for some m’ € M' which is a cocycle. 
Now, the cocycle m’ defines a cohomology class 6(€”) in H(M’), which is independent of 
the choices we have made, thus defining a morphism 6: H(M”) — H(M"). One proves 


by direct computation that the triangle is exact. 


The above results can be translated to the setting of complexes of R-modules. 


DEFINITION 1.4. A complex of R-modules is a differential R-module (M*,d) which 
is Z-graded, M® = @e7 M", and whose differential fulfills d(M") C M+! for every 
neZ. 


We shall usually write a complex of R-modules in the more pictorial form 
EOE yet Sel yy ane er 


For a complex M® the cocycle and coboundary modules and the cohomology group 
split as direct sums of terms Z”(M*) = kerd,, B"(M°) = Imd,_; and H"(M°) = 
Z"(M*)/B"(M®) respectively. The groups H"(M°) are called the cohomology groups 
of the complex M°. 
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DEFINITION 1.5. A morphism of complexes of R-modules f: N® — M® is a collec- 
tion of morphisms { fn: N" > M"|n € Z}, such that the following diagram commutes: 


‘| le 


Mntl fntt Nrtl 


For complexes, Proposition 1.3 takes the following form: 


a 


PROPOSITION 1.6. Let 0 — N® > Me —., P* — 0 be an exact sequence of com- 


plexes of R-modules. There exist connecting morphisms bn: H"(P*) + H"*1(N*) and 
a long exact sequence of cohomology 


H(i) 


H"(N*) —“+ H"(M*) ue 


es H(p*) =, 


H(p) 
—> 


On HeTTEN) H(i) H"+1(M?*) H(p) Herc.) On+1 _ 


Proor. The connecting morphism 6: H*(P*) — H*(N°®) defined in Proposition 
1.3 splits into morphisms 6,: H"(P*) + H”*+(N®*) (indeed the connecting morphism 
increases the degree by one) and the long exact sequence of the statement is obtained 


by developing the exact triangle of cohomology introduced in Proposition 1.3. 


1.3. Homotopies. Different (i.e., nonisomorphic) complexes may nevertheless 
have isomorphic cohomologies. A sufficient conditions for this to hold is that the two 
complexes are homotopic. While this condition is not necessary, in practice the (by far) 
commonest way to prove the isomorphism between two cohomologies is to exhibit a 


homototopy between the corresponding complexes. 


DEFINITION 1.7. Given two complexes of R-modules, (M*,d) and (N*,d’), and two 
morphisms of compleres, f,g: M* — N°, a homotopy between f and g is a morphism 
K: N* — M*-! (i.e., for every k, a morphism K: N® — M*~!) such that d'oK + Ko 
d= fg. 


The situation is depicted in the following commutative diagram. 


d d 
»—> ypk-! — +} yk ——> yeti ——..-- 


eA 


PROPOSITION 1.8. If there is a homotopy between f and g, then H(f) = H(q), 
namely, homotopic morphisms induce the same morphism in cohomology. 
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Proor. Let € = [m] € H*(M*,d). Then 


A(f)(§) = [f(m)] = [g(m)] + [aK (m))] + [K(dm)] = [9(m)] = H(9)(€) 


since dm = 0, [d'(K(m))] = 0. 


DEFINITION 1.9. Two compleres of R-modules, (M*,d) and (N°,d’), are said to 
be homotopically equivalent (or homotopic) if there exist morphisms f: M* — N°, 
g: N®° > M®, such that: 


og: — is homotopic to the identity map idy; 
fog: NSS N* ish topic to the identity map idy; 
gof:M* — M®° is homotopic to the identity map idy,. 


COROLLARY 1.10. Two homotopic complexes have isomorphic cohomologies. 
PROOF. We use the notation of the previous Definition. One has 
A(f) 0° H(g) = H(f og) = A(idw) = idyiyy 


H(g) 0 H(f) = H(go f) = Hid) = idgeyp 


so that both H(f) and H(g) are isomorphism. 


DEFINITION 1.11. A homotopy of a complex of R-modules (M*,d) is a homotopy 
between the identity morphism on M, and the zero morphism; more explicitly, it is a 
morphism K: M* — M*~! such thatdo K + K od=idy. 


PROPOSITION 1.12. If a complex of R-modules (M*,d) admits a homotopy, then it is 


exact (i.e., all its cohomology groups vanish; one also says that the complex is acyclic). 


PROOF. One could use the previous definitions and results to yield a proof, but it 
is easier to note that if m € M? is a cocycle (so that dm = 0), then 


d(k(m)) =m — K(dm) =m 


so that m is also a coboundary. 


REMARK 1.13. More generally, one can state that if a homotopy K: M* > M*-1 
exists for k > ko, then H*(M,d) = 0 for k > ko. In the case of complexes bounded 
below zero (ie., M = ®penM*) often a homotopy is defined only for k > 1, and it 
may happen that H°(M,d) 40. Examples of such situations will be given later in this 
chapter. 


REMARK 1.14. One might as well define a homotopy by requiring d‘okK —Kod=...; 
the reader may easily check that this change of sign is immaterial. 
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2. De Rham cohomology 


As an example of a cohomology theory we may consider the de Rham cohomology 
of a differentiable manifold X. Let Q*(X) be the vector space of differential k-forms 
on X, and let d: 0*(X) — O**!(X) be the exterior differential. Then (%(X),d) is 
a differential complex of R-vector spaces (the de Rham complex), whose cohomology 
groups are denoted Hk, (X) and are called the de Rham cohomology groups of X. Since 
Q*(X) = 0 for k > n and k < 0, the groups H',(X) vanish for k > n and k < 0. 
Moreover, since ker[d: 0°(X) — Q1(X)] is formed by the locally constant functions on 
X, we have HOAX ) = R®, where C is the number of connected components of X. 


If f: X — Y is a smooth morphism of differentiable manifolds, the pullback morph- 
ism f*: Q*(Y) — Q*(X) commutes with the exterior differential, thus giving rise to a 
morphism of differential complexes ((22°(Y), d) — (Q°(X), d)); the corresponding morph- 
ism H(f): H$p(Y) > H$p(X) is usually denoted f?. 

We may easily compute the cohomology of the Euclidean spaces R”. Of course one 
has H9,,(R") = ker[d : C™(R") = 01(R”)| =R. 


PROPOSITION 1.1. (Poincaré lemma) H¥,(R") = 0 for k > 0. 


Proor. We define a linear operator K: Q*(R") — QF-1(R") by letting, for any 
k-form w € 0*(R"), k > 1, and all x € R®, 


1 
(Kw)(z) =k | t*- hei, io...i, (tx) dt| a da? A--- A da". 
0 
One easily shows that dk + Kd = Id; this means that K is a homotopy of the de Rham 


complex of R” defined for k > 1, so that, according to Proposition 1.12 and Remark 
1.13, all cohomology groups vanish in positive degree. Explicitly, if w is closed, we have 


w= dKw, so that w is exact. 


EXERCISE 1.2. Realize the circle S' as the unit circle in R?. Show that the in- 
tegration of 1-forms on S$" yields an isomorphism Hj,p(S') ~ R. This argument can 
be quite easily generalized to show that, if X is a connected, compact and orientable 
n-dimensional manifold, then H7ip(X) ~ R. 


If a manifold is a cartesian product, X = X, x X92, there is a way to compute the 
de Rham cohomology of X out of the de Rham cohomology of X; and X2 (Kiinneth 
theorem, cf. [3]). For later use, we prove here a very particular case. This will serve 
also as an example of the notion of homotopy between complexes. 


PROPOSITION 1.3. If X is a_ differentiable manifold, then HEX x R) 
~ H*,(X) for all k > 0. 
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PROOF. Let t a coordinate on R. Denoting by pj, p2 the projections of X x R onto 
its two factors, every k-form w on X x R can be written as 


(1.1) w= fpiw, +g pw A pzdt 


where w, € O*(X), wo € NF-1(X), and f, g are functions on X x R.1 Let s: X ~ XxR 
be the section s(x) = (2,0). One has pos = idx (i.e., s is indeed a section of pi), hence 
s*op}: O°(X) > O°(X) is the identity. We also have a morphism pj 0 s*: 0°(X x R) - 
Q°(X xR). This is not the identity (as a matter of fact one, has pjos*(w) = f(x, 0) piw1). 
However, this morphism is homotopic to idge(x xR), while idge(x) is definitely homotopic 
to itself, so that the complexes 0°(X) and Q°(X x R) are homotopic, thus proving our 
claim as a consequence of Corollary 1.10. So we only need to exhibit a homotopy 
between pj o s* and idge(x xR). 

This homotopy K: Q*(X x R) — 0*-!(X x R) is defined as (with reference to 
equation (1.1)) 


K(w) = (-1)*| g(x, ds] nh on 


The proof that K is a homotopy is an elementary direct computation,’ after which one 
gets 


dok + K od=idosxyr) — pi os’. 


In particular we obtain that the morphisms 
Pi: Hin(X) > Hin(X xR), st: Hip(X x R) > Hin(Xx) 
are isomorphisms. 


REMARK 1.4. If we take X = R” and make induction on n we get another proof of 


Poincaré lemma. 


EXERCISE 1.5. By a similar argument one proves that for all k > 0 


FRX RS es P(X) Got) 


Now we give an example of a long cohomology exact sequence within de Rham’s the- 
ory. Let X be a differentiable manifold, and Y a closed submanifold. Let r,.: Q*(X) — 
Q*(Y) be the restriction morphism; this is surjective. Since the exterior differential com- 
mutes with the restriction, after letting Q*(X,Y) = kerr, a differential d’: Q*(X,Y) — 


Nn intrinsic notation this means that 


Q*(X x R) & C™(X x R) @e~ x) [2*(X) BA*7"(X)]. 


2The reader may consult e.g. [3], §1.4. 
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O*+1(X,Y) is defined. We have therefore an exact sequence of differential modules, in 


a such a way that the diagram 


Tk-1 


0 —> OF-1(x,Y) —+ 0F-1(X) —> oF -l(Y) —~+0 


kook | 


0 —— 0*(x,Y) Q*(X) —*+ ak(y) —+0 


commutes. The complex (2°(X, Y), d’) is called the relative de Rham complex, ? and its 
cohomology groups by H, ve DG ,Y) are called the relative de Rham cohomology groups. 
One has a long cohomology exact sequence 


0 > Hip X,Y) > Hap(X) > Hin) > Han(%Y) 
é6 
— Hip(X) > Hir(Y) > Hop(X,Y)-... 
EXERCISE 1.6. 1. Prove that the space ker d’: 0*(X,Y) > Q*+!(X,Y) is for all 


k > 0 the kernel of rz restricted to Z*(X), i.e., is the space of closed k-forms on X 
which vanish on Y. As a consequence H, mee ,Y) =0 whenever X and Y are connected. 


2. Let n = dim X and dimY <n—1. Prove that Hjp(X,Y) > Hip(X) surjects, 
and that H*,(X,Y) = 0 for k > +1. Make an example where dim X = dimY and 
check if the previous facts still hold true. 


EXAMPLE 1.7. Given the standard embedding of $ into R?, we compute the relative 
cohomology H$,(R*,S1). We have the long exact sequence 


0 + Hip(R’,S") > Hig(R?) > Hig(S') > Haa(R’, $") 
+ Hap(R?) > Hip(S') > Hap(R?, S') > Hin(R?) > 0. 
As in the previous exercise, we have H*,(R?,S') = 0 for k > 3. Since H{,(R?) ~ R, 
Hip(R*) = H2p(R?) = 0, H9p(S') ~ Hip(S') & R, we obtain the exact sequences 
0 > Hip(R*,S*) = RS R- Ag,(R’, S*) > 0 
0— R— H?,(R’,S') —0 
where the morphism r is an isomorphism. Therefore from the first sequence we get 


HY, (R?, S') = 0 (as we already noticed) and Hj,p(R?,S') = 0. From the second we 
obtain H7,(R*,S1) ~ R. 


From this example we may abstract the fact that whenever X and Y are connected, 
then H?,(X,Y) =0. 


EXERCISE 1.8. Consider a submanifold Y of R? formed by two disjoint embedded 
copies of S'. Compute H$p(R?, Y). 


3Sometimes this term is used for another cohomology complex, cf. [3]. 
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3. Mayer-Vietoris sequence in de Rham cohomology 


The Mayer-Vietoris sequence is another example of long cohomology exact sequence 
associated with de Rham cohomology, and is very useful for making computations. 
Assume that a differentiable manifold X is the union of two open subset U, V. For 
every k,0<k<n=dimX we have the sequence of morphisms 


(1.2) 0 0x) 4 av) ea*(v) BaF AV) 0 
where 
iw) = (wy, Iv), P((w1,W2)) = WyUAV — YgURV- 
One easily checks that 7 is injective and that kerp = Imi. The surjectivity of p is 
somehow less trivial, and to prove it we need a partition of unity argument. From 


elementary differential geometry we recall that a partition of unity subordinated to the 
cover {U,V} of X is a pair of smooth functions f), fo: X — R such that 


supp(fi) CU, — supp(f2) CV, fit fo =. 
Given tr € OF(UNV), let 
Wr= fot, wo=—fiT. 
These k-form are defined on U and V, respectively. Then p((wi,w2)) = 7. Thus the 


sequence (1.2) is exact. Since the exterior differential d commutes with restrictions, we 
obtain a long cohomology exact sequence 


j 
(1.3) 0 Hop(X) > Hap(U) © Hag(V) > Hog(U NV) > Hap(X) > 
— Hi,(U) © Hin(V) > Hig(U NV) 2 H2p(X) >... 


This is the Mayer-Vietoris sequence. The argument may be generalized to a union 
of several open sets.* 


EXERCISE 1.1. Use the Mayer-Vietoris sequence (1.3) to compute the de Rham 
cohomology of the circle S!. 


EXAMPLE 1.2. We use the Mayer-Vietoris sequence (1.3) to compute the de Rham 
cohomology of the sphere S$? (as a matter of fact we already know the Oth and 2nd 
group, but not the first). Using suitable stereographic projections, we can assume that 
U and V are diffeomorphic to R?, while UNV ~ S$! x R. Since S! x R is homotopic to 
S', it has the same de Rham cohomology. Hence the sequence (1.3) becomes 

0 > Hip(S?) = R@R-> R= Hjp(S*) > 0 
0—-R-— H?,(S") + 0. 
From the first sequence, since H9,(S") ~ R, the map H9,(S?) > ROR is injective, 
and then we get Hjp(S”) = 0; from the second sequence, H3,(S”) ~ R. 


‘The Mayer-Vietoris sequence foreshadows the Cech cohomology we shall study in Chapter 3. 
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EXERCISE 1.3. Use induction to show that ifn > 3, then He (S”) ~R fork =0,n, 
H*,(S") = 0 otherwise. 


EXERCISE 1.4. Consider X = S? and Y = S', embedded as an equator in S$?. 
Compute the relative de Rham cohomology H$;,(S?, 5"). 


4. Elementary homotopy theory 


4.1. Homotopy of paths. Let X be a topological space. We denote by J the 
closed interval [0,1]. A path in X is a continuous map y: I — X. We say that X 
is pathwise connected if given any two points 71, x2 € X there is a path y such that 
¥(0) = #1, y(1) = 22. 

A homotopy T between two paths 71, yz is a continuous map [: I x I — X such 
that 

Ti, 0) = y(t), Pi, 1) = y(t). 
If the two paths have the same end points (i.e. y1(0) = 72(0) = 21, y1(1) = 72(1) = 22), 
we may introduce the stronger notion of homotopy with fixed end points by requiring 
additionally that ['(0,s) = 21, (1, s) = x2 for all s € I. 

Let us fix a base point zo € X. A loop based at xo is a path such that y(0) = y(1) = 
xo. Let us denote L(x) th set of loops based at xz. One can define a composition 
between elements of L(x) by letting 


71 (2t), 


(q2° 1) (4) = 


This does not make £() into a group, since the composition is not associative (com- 
posing in a different order yields different parametrizations). 


PROPOSITION 1.1. If 71,22 € X and there is a path connecting x, with x2, then 
L(x1) EY L(x2). 


ProoF. Let c be such a path, and let y, € £(x1). We define y2 € L(x2) by letting 


iL 

c(1—3t), O<t<4 

y(t) = 4 n(8t-1), 3<t<3 
c(3t-2), 2<t<1 


This establishes the isomorphism. 


4.2. The fundamental group. Again with reference with a base point x9, we 
consider in £(x9) an equivalence relation by decreeing that 7, ~ 72 if there is a homotopy 
with fixed end points between 7; and y2. The composition law in £,, descends to a 
group structure in the quotient 


™(X, x9) = L(x0)/~. 
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m™1(X, 20) is the fundamental group of X with base point xo; in general it is nonabelian, 
as we shall see in examples. As a consequence of Proposition 1.1, if 71,22 € X and 
there is a path connecting x; with x2, then m(X,x1) ~ m1(X,2x2). In particular, if 
X is pathwise connected the fundamental group 71(X, 9) is independent of xo up to 


isomorphism; in this situation, one uses the notation 7(X). 


DEFINITION 1.2. X is said to be simply connected if it is pathwise connected and 
m™(X) = {e}. 


The simplest example of a simply connected space is the one-point space {x}. 


Since the definition of the fundamental group involves the choice of a base point, to 
describe the behaviour of the fundamental group we need to introduce a notion of map 
which takes the base point into account. Thus, we say that a pointed space (X,20) is a 
pair formed by a topological space X with a chosen point zp. A map of pointed spaces 
f: (X,20) — (Y,yo) is a continuous map f: X — Y such that f(7o) = yo. It is easy 
to show that a map of pointed spaces induces a group homomorphism f,: 7(X, 29) > 
™1(Y, yo): 


4.3. Homotopy of maps. Given two topological spaces X, Y, a homotopy betwe- 
en two continuous maps f, g: X — Y isamap F: X x I — Y such that F(z,0) = f(x), 
F(a,1) = g(x) for all x € X. One then says that f and g are homotopic. 


DEFINITION 1.3. One says that two topological spaces X, Y are homotopically equi- 
valent if there are continuous maps f: X ~ Y,g:Y — X such that go f is homotopic 
to idx, and f og is homotopic to idy. The map f, g are said to be homotopical equi- 


valences,. 


Of course, homeomorphic spaces are homotopically equivalent. 


EXAMPLE 1.4. For any manifold X, take Y = X xR, f(x) = (z,0), g the projection 
onto X. Then F: X x I X, F(a,t) = x is a homotopy between go f and idx, while 
G:X xRxI— X xR, G(z,s,t) = (2, st) is a homotopy between fog and idy. So X 
and X x R are homotopically equivalent. The reader should be able to concoct many 


similar examples. 


Given two pointed spaces (X,2o), (Y, yo), we say they are homotopically equivalent 
if there exist maps of pointed spaces f: (X,x0) — (Y,yo), g: (Y,yo) — (X,20) that 
make the topological spaces X, Y homotopically equivalent. 


PROPOSITION 1.5. Let f: (X,x%0) — (Y,yo) be a homotopical equivalence. Then 
fat Tx(X, 20) = (Y, yo) ts an isomorphism. 


ProoF. Let g: (Y,yo) — (X,20) be a map that realizes the homotopical equival- 
ence, and denote by F' a homotopy between go f and idx. Let y be a loop based at xo. 
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Then go f 07¥ is again a loop based at xo, and the map 
T:IxI-X, I'(s,t) = F(7(s), t) 


is a homotopy between y and go f oy, so that y = go foy in m(X,20). Hence, 
gx © fx = idy,(x,29)- In the same way one proves that fx o gx = idz,(y,y9), $0 that the 


claim follows. 


COROLLARY 1.6. If two pathwise connected spaces X and Y are homotopic, then 
their fundamental groups are isomorphic. 


DEFINITION 1.7. A topological space is said to be contractible if it is homotopically 
equivalent to the one-point space {x}. 


A contractible space is simply connected. 


EXERCISE 1.8. 1. Show that R” is contractible, hence simply connected. 2. Com- 
pute the fundamental groups of the following spaces: the punctured plane (IR? minus a 
point); R? minus a line; R” minus a (n — 2)-plane (for n > 3). 


4.4. Homotopic invariance of de Rham cohomology. We may now prove the 
invariance of de Rham cohomology under homotopy. 


LEMMA 1.9. Let X, Y be differentiable manifolds, and let f,g: X — Y be two 
homotopic smooth maps. Then the morphisms they induce in cohomology coincide, 
fi= gi. 


PROOF. We choose a homotopy between f and g in the form of a smooth® map 
F: X x R—Y such that 


FQ = fle) ae 0; Pest) Se) can tS 1s 


We define sections so, s1: X — X x R by letting so(x) = (2,0), si(x) = (a,1). Then 
f = Fos, 9 = Fos, so ft = so Fi and gi = so Fi. Let pp: X xX R > X, 


po: X x R—R be the projections. Then sh fo) pi = st ° pi = Id. By Proposition 1.3 ph 


is an isomorphism. Then sh = si, and fi = F4 = gf. 


PROPOSITION 1.10. Let X and Y be homotopic differentiable manifolds. Then 
H*,(X) ~ H*,(Y) for all k > 0. 


Proor. If f, g are two smooth maps realizing the homotopy, then f*og! = gto ft = 


Id, so that both f* and g’ are isomorphisms. 


>For the fact that F can be taken smooth cf. [3]. 
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4.5. The van Kampen theorem. The computation of the fundamental group 
of a topological space is often unsuspectedly complicated. An important tool for such 
computations is the van Kampen theorem, which we state without proof. This theorem 
allows one, under some conditions, to compute the fundamental group of an union UUV 
if one knows the fundamental groups of U, V and UM V. As a prerequisite we need 
the notion of amalgamated product of two groups. Let G, G1, G2 be groups, with fixed 
morphisms f,;: G — Gj, fo: G— Go. Let F the free group generated by G, Il G2 and 
denote by - the product in this group.® Let R be the normal subgroup generated by 
elements of the form” 


(zy)-y1-a ! with x, y both in G; or Go 


fi(g) - fo(g)* for gE G. 


Then one defines the amalgamated product G, *q Gz as F/R. There are natural maps 
gi: Gy — G1 *q@ Go, go: Go — G1 *q@ G2 obtained by composing the inclusions with 
the projection F — F/R, and one has g; © f; = g2 0 fy. Intuitively, one could say that 
G *g G2 is the smallest subgroup generated by G; and G2 with the identification of 
fi(g) and f2(g) for all g € G. 


EXERCISE 1.11. (1) Prove that if G; = Gp = {e}, and G is any group, then 
G1 *q G2 = {e}. 

(2) Let G be the group with three generators a, b, c, satisfying the relation ab = cba. 

Let Z — G be the homomorphism induced by 1 + c. Prove that G *z G is 

isomorphic to a group with four generators m, n, p, q, satisfying the relation 


mnm In lngp VG 1 — ¢. 


Suppose now that a pathwise connected space X is the union of two pathwise con- 
nected open subsets U, V, and that UNV is pathwise connected. There are morphisms 
m(U NV) + m(U), m(UNV) — 7(V) induced by the inclusions. 


PROPOSITION 1.12. 7(X) ~ 71(U) *,(unv) ™1(V). 


This is a simplified form of van Kampen’s theorem, for a full statement see [6]. 


EXAMPLE 1.13. We compute the fundamental group of a figure 8. Think of the figure 
8 as the union of two circles X in R? which touch in one pount. Let p1, p2 be points 
in the two respective circles, different from the common point, and take U = X — {p;}, 
V =X — {po}. Then 7(U) ~ 11(V) ~ Z, while UN V is simply connected. It follows 
that 71(X) is a free group with two generators. The two generators do not commute; 
this can also be checked “experimentally” if you think of winding a string along the 


SF is the group whose elements are words x{)x2...x%, or the empty word, where the letters x; are 


either in G1 or G2, e; = +1, and the product is given by juxtaposition. 
The first relation tells that the product of letters in the words of F' are the product either in Gi 


or Gz, when this makes sense. The second relation kind of “glues” Gi and G2 along the images of G. 


4. HOMOTOPY THEORY 15 


figure 8 in a proper way... More generally, the fundamental group of the corolla with n 
petals (n copies of S! all touching in a single point) is a free group with n generators. 


EXERCISE 1.14. Prove that for any n > 2 the sphere S” is simply connected. Deduce 
that for n > 3, R” minus a point is simply connected. 


EXERCISE 1.15. Compute the fundamental group of R? with n punctures. 


4.6. Other ways to compute fundamental groups. Again, we state some res- 
ults without proof. 


PROPOSITION 1.16. If G is a simply connected topological group, and H is a normal 
discrete subgroup, then 71(G/H) ~ H. 

Since S' ~ R/Z, we have thus proved that 

as (S$ 1) ~Z. 
In the same way we compute the fundamental group of the n-dimensional torus 
T” =S'x.---x $' (n times) ~ R"/Z", 

obtaining 7(T”) ~ Z”. 

EXERCISE 1.17. Compute the fundamental group of a 2-dimensional punctured torus 
(a torus minus a point). Use van Kampen’s theorem to compute the fundamental 
group of a Riemann surface of genus 2 (a compact, orientable, connected 2-dimensional 


differentiable manifold of genus 2, i.e., “with two handles”). Generalize your result to 
any genus. 


EXERCISE 1.18. Prove that, given two pointed topological spaces (X,20), (Y, yo), 
then 


m™(X x Y, (0, yo)) & ™1(X, Lo) x 71(Y, yo). 


This gives us another way to compute the fundamental group of the n-dimensional 
torus T” (once we know 71(S')). 


EXERCISE 1.19. Prove that the manifolds S? and $? x St are not homeomorphic. 


EXERCISE 1.20. Let X be the space obtained by removing a line from R?, and a 
circle linking the line. Prove that 7|(X) ~ Z@Z. Prove the stronger result that X is 
homotopic to the 2-torus. 


CHAPTER 2 
Singular homology theory 


1. Singular homology 


In this Chapter we develop some elements of the homology theory of topological 
spaces. There are many different homology theories (simplicial, cellular, singular, Cech- 
Alexander, ...) even though these theories coincide when the topological space they 
are applied to is reasonably well-behaved. Singular homology has the disadvantage of 
appearing quite abstract at a first contact, but in exchange of this we have the fact that 
it applies to any topological space, its functorial properties are evident, it requires very 
little combinatorial arguments, it relates to homotopy in a clear way, and once the basic 
properties of the theory have been proved, the computation of the homology groups is 
not difficult. 


1.1. Definitions. The basic blocks of singular homology are the continuous maps 
from standard subspaces of Euclidean spaces to the topological space one considers. We 
shall denote by Po, P,,...,P, the points in R” 


Py = 0, P; = (0,0,...,0,1,0,...,0) (with just one 1 in the ith position). 


The convex hull of these points is denoted by A, and is called the standard n-simplez. 
Alternatively, one can describe A, as the set of points in R” such that 


n 
aj >0, i=1,...,n, eae 
i=1 


The boundary of A, is formed by n + 1 faces F? (i = 0,1,...,n) which are images of 
the standard (n — 1)-simplex by affine maps R"-! — R”. These faces may be labelled 
by the vertex of the simplex which is opposite to them: so, F? is the face opposite to 
Pye 

Given a topological space X, a singular n-simplex in X is a continuous map a: A, > 
X. The restriction of o to any of the faces of A, defines a singular (n — 1)-simplex 
Oj = O|pi (or vo F" if we regard F? as a singular (n — 1)-simplex). 

If Qo,..-,Q, are k+1 points in R”, there is a unique affine map R* — R” mapping 
Po,..., Py to the Q’s. This affine map yields a singular k-simplex in R” that we denote 
< Qo,.--,Qx >. If Q; = P; for 0 < i < k, then the affine map is the identity on R*, and 
we denote the resulting singular k-simplex by 6,. The standard n-simplex A, may so 


17 


18 2. HOMOLOGY THEORY 


also be denoted < Po,...,P, >, and the face F? of A,, is the singular (n — 1)-simplex 
< Po,...,P;,...,Py >, where the hat denotes omission. 

Choose now a commutative unital ring R. We denote by 5;,(X,R) the free group 
generated over R by the singular k-simplexes in X. So an element in S;(X,R) is a 
“formal” finite linear combination (called a singular chain) 


o= ) a; 0% 
Jj 


with a; € R, and the oj; are singular k-simplexes. Thus, 5;(X, R) is an R-module, and, 
via the inclusion Z — R given by the identity in R, an abelian group. For k > 1 we 
define a morphism 0: 5;,(X,R) — S,_1(X, R) by letting 


k 


06 = S\(-lj'o oF} 


i=0 


for a singular k-simplex o and exteding by R-linearity. For k = 0 we define 0o = 0. 


EXAMPLE 2.1. If Qo,...,Q, are k +1 points in R”, one has 
k 


VSO oeGORS= AL)? S005 Ons SOnS 


i=0 


PROPOSITION 2.2. 0? = 0. 


Proor. Let o be a singular k-simplex. 


k 

bBo O(c 0 FR) ese vo ooFioF), 
i= i=0 j= 
k 
paG 


Oo = 


Dyas j i—1 1) a 3 
Gor, of + oa ookio Fj. , 
0=1<j 


Resumming the first sum by letting 7 = 7, 7 =i—1 the last two terms cancel. 


So (S.(X, R),O) is a (homology) graded differential module. Its homology groups 
H,,(X, R) are the singular homology groups of X with coefficients in R. We shall use 
the following notation and terminology: 


Zy(X, R) = ker 0: S;,(X, R) > Sp_1(X, R) (the module of k-cycles); 
B,(X, R) =Im0: Sp41(X, R) > S,(X, R) (the module of k-boundaries); 
therefore, H,(X,R) = Z,(X, R)/B,(X, R). Notice that Zo(X, R) = So(X, R). 


1.2. Basic properties. 


PROPOSITION 2.3. If X is the union of pathwise connected components Xj, then 
Ay (X, R) id ©; Hy, (X;, R) for all k > 0. 
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PRooF. Any singular k-simplex must map Aj, inside a pathwise connected compon- 
ents (if two points of A; would map to points lying in different components, that would 


yield path connecting the two points). 


PROPOSITION 2.4. If X is pathwise connected, then Ho(X,R) ~ R. 


ProoF. This follows from the fact that a 0-cycle c = }), aj 2; is a boundary if and 
only if a a; = 0. Indeed, if ¢ is a boundary, then c = Od); b;7;) for some paths 7;, so 
that c= )7;bj(yj(1) — 14(0)), and the coefficients sum up to zero. On the other hand, 
if }7; 4; = 0, choose a base point x9 € X. Then one can write 


c= ajay = Daj 0j — (D)aj)¢0 = D/ aj(2j — 20) = OD) 4573 
j j j j j 


if y; is a path joining x to 2;. 
This means that Bo(X, R) is the kernel of the surjective map Zo(X, R) = So(X, R) > 
R given by )/,.4; 2j > D), aj, so that Ho(X, R) = Zo(X, R)/Bo(X, R) ~ R. 


Let f: X — Y bea continuous map of topological spaces. If o is a singular k-simplex 
in X, then foo is a singular k-simplex in Y. This yields a morphism S;(f): S,(X, R) > 
S;.(Y, R) for every k > 0. It is immediate to prove that S;,(f)00 = 00 Sp44(f): 


k+1 


Sk(f)(O0) = fo) (-l'o 0 Figa = Of 0.0) = A(Sk(f)(0)). 
i=0 


This implies that f induces a morphism H;,(X,R) — H;,(Y,R), that we denote f,. It 
is also easy to check that, if g: Y — W is another continous map, then S;(g0 f) = 
Sk(g) o Sk(f), and (9° f)y =H 0 fy 


1.3. Homotopic invariance. 


PROPOSITION 2.5. If f,g: X — Y are homotopic map, the induced maps in homo- 


logy coincide. 


It should be by now clear that this yields as an immediate consequence the homotopic 
invariance of the singular homology. 


COROLLARY 2.6. If two topological spaces are homotopically equivalent, their singu- 
lar homologies are isomorphic. 


To prove Proposition 2.5 we build, for every k > 0 and any topological space X, a 
morphism (called the prism operator) P: S;,(X) — Sp41(X x I) (here I denotes again 
the unit closed interval in R). We define the morphism P in two steps. 


Step 1. The first step consists in definining a singular (k + 1)-chain 7,41 in the 
topological space A, x I by subdiving the polyhedron A, x I Cc R*t+! (a “prysm” 
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Bo By 


Ao Ay 
FIGURE 1. The prism 72 over Ay 
over the standard symplesx A;) into a number of singular (/ + 1)-simplexes, and sum- 
ming them with suitable signs. The polyhedron A; x J C R*+! has 2(k + 1) vertices 
Ao, Pane , Ak, Bo, tee , Bx, given by A; = (P;,0), B; = (Be 1), We define 


k 


TWh+l =) (-1)' < Ao,..., Aj, Bi,..., By >. 
1=0 


For instance, for k = 1 we have 
72 =< Ao, Bo, Bi >-—< Ap, A1,Bi >. 


Step 2. Ifo is a singular k-simplex in a topological space X, then o xid is a continous 
map A; x I — X x I. Therefore it makes sense to define the singular (& + 1)-chain 
P(o) in X as 


(2.1) P(c) = Spyilo x id) (7e41). 
The definition of the prism operator implies its functoriality: 
PROPOSITION 2.7. If f: X — Y is a continuous map, the diagram 
Ae 6 pee eee Oa) 
S(f) | | Susa(sie 
Se(¥) > Se¥ x D 


commutes. 


PrRooF. It is just a matter of computation. 


Seats x id) e) P(o) = Seal f x id) ce) Sp41(o x id) (741) 
= Sryilfoe x id)(me+1) = P(Sk(f))- 


The relevant property of the prism operator is proved in the next Lemma. 
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LEMMA 2.8. Let Ag, Ai: X — X x I be the maps Ao(x) = (#,0), A1(x) = (2,1). 
Then 


(2.2) O00oP+P0d= Se (A1) — Sz(Ao) 


as maps Szx(X) > S,(X x I). 


PROOF. Let 6p: Ax — Ax be the identity map regarded as singular k-simplex in 
Ax. Notice that P(6,) = 741. 
We first check the identity (2.2) for X = Ax, applying both sides of (2.2) to 6,. The 
right side yields 
< Bog. ta Bk SS AG A 


We compute now the action of the left side of (2.2) on dx. 


k 
OP(5x) = S (-1)'8 < Ap,..., As Bis. Be > 


+ (STS Ag Ay Bitsy Baal Ba > x 
i<j=0 
All terms with i = j cancel with the exception of < Bo,..., Br >—< Ap,... Ap >. So 


we have 


OP(6x) = <Bpo,...,Ber>—< Ao,... Ap > 
k 
+ SO (I <A Apr Ay Bin Be> 
j<i=l 
k . . 
= SS Pe Micah BG en Bie Be > 
i<j=l 
On the other hand, one has 
k . 
0.= (1! 2 Pye i hyeg e S 
j=0 


Since 
P(< Po,-...;Pj,--+5 Pe >) = SAY Se Ab hg As Bass 5 Bietiy Bee 
i<j 
_ SO(-1)! < Ap... Ajy Ais Biss) Be > 
i>j 


we obtain the equation (2.2) (note that exchanging the indices 7, 7 changes the sign). 
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We must now prove that if equation (2.2) holds when both sides are applied to dx, 
then it holds in general. One has indeed 


OP(c) = OSn41(0  id)(P(5p)) = Su(o x id)(OP(6x)) 


P(0c) 


PA(Sk(7) (dx) 
= P(Sp-1(o)(Odz)) = Seo x id)(P(Odz)) 
so that 


OP(a) + P(0c) 


Sr4i(a x id)(OP(dz)) + P(Odz)) 
= Srsi(o x id)(Sg(A1) — Sk (Ao)) = Se(A1) — Se(Ao) 


where Ag, A; are the obvious maps A; — Ag, x I. 


Equation (2.2) states that P is a hotomopy (in the sense of homological algebra) 
between the maps Ag and Aj, so that one has (Ai), = (Az), in homology. 


Proof of Proposition 2.5. Let F' be a hotomopy between the maps f and g. Then, 
f=FoX,g = Fo, so that 


fy = (F 0 Xo)p = Fo (Ao) = FEO (1) = (F 01) = 


COROLLARY 2.9. If X is a contractible space then 


Ho(X,R)~R,  H,(X,R)=0 for k>0. 


1.4. Relation between the first fundamental group and homology. A loop 
y in X may be regarded as a closed singular 1-simplex. If we fix a point ro € X, we 
have a set-theoretic map x: L(x) — S\(X,Z). The following result tells us that x 
descends to a group homomorphism y: 7(X,20) — Hi(X,Z). 


PROPOSITION 2.10. If two loops 71, y2 are homotopic, then they are homologous 
as singular 1-simplexes. Moreover, given two loops at 20, Y1, 72, then x(y2°%1) = 
x(1) + x(y2) in Hi (X, Z). 


PROOF. Choose a homotopy with fixed endpoints between 7, and 7, i.e., a map 
[T: Ix I X such that 


PEO) =e T(t, 1) = y(8), T(0,s) =1(1,s) = zo for all s € I. 


Define the loops y3(t) = ['(1,t), ya(t) = ['(0,t), y5(¢) =P (t,t). Both loops 73 and 
ya are actually the constant loop at 29. Consider the points Po, Pi, P2, Q = (1,1) in 
R?, and define the singular 2-simplex 


g=f0<h,A,Q>-To<h,h,Q> 
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P» 2 Q 
V4 N 3 
5 
Po V1 ya 
FIGURE 2 


(cf. Figure 2). We then have 


Oo = To<Ph,Q>-To<Ah,Q>4Tl0< Ah, Ph > 
_ Po < fo,Q'> +1 <.Fo,Q > —To-< Fo,.Pa > 


S98 Ser Va aoe 6 VA Ss 


This proves that y(y1) and y(y2) are homologous. To prove the second claim we need 
to define a singular 2-simplex o such that 


00 = 71+ 72 — 72°71: 


Consider the point T = (0, 5) in the standard 2-simplex A» and the segment ™ 
joining T with P, (cf. Figure 3). If Q € Ag lies on or below &, consider the line joining 
Po with Q, parametrize it with a parameter ¢ such that t = 0 in Py and t = 1 in the 
intersection of the line with ©, and set o(Q) = y(t). Analogously, if Q lies above or 
on %&, consider the line joining P, with Q, parametrize it with a parameter t such that 
t =1 in Py and t = 0 in the intersection of the line with %, and set o(Q) = y(t). This 


defines a singular 2-simplex 0: Ag —X, and one has 


Oo = 00<P,,P2>-00< %,P2>+00< P,P, > 


i matad -a e ae o 


We recall from basic group theory the notion of commutator subgroup. Let G be 
any group, and let C(G) be the subgroup generated by elements of the form ghg 'h7?, 
g,h € G. The subgroup C(G) is obviously normal in G; the quotient group G/C(G) is 
abelian. We call it the abelianization of G. It turns out that the first homology group 
of a space with integer coefficients is the abelianization of the fundamental group. 


PROPOSITION 2.11. If X is pathwise connected, the morphism x: ™(X,20) > 
Hy(X,Z) is surjective, and its kernel is the commutator subgroup of ™(X, 20). 
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Py 
72 
T Y2 
71 
Q ay 
Po V1 Pi 
FIGURE 3 


Proor. Let c= }/, aj; be a L-cycle. So we have 
0=dc= S- ai(oj(1) — o;(0)). 
j 
In this linear combination of points with coefficients in Z some of the points may coin- 
cide; the sum of the coefficients corresponding to the same point must vanish. Choose a 
base point x9 € X and for every j choose a path a; from a9 to o;(0) and a path 3; from 


xo to oj(1), in such a way that they depend on the endpoints and not on the indexing 
(e.g, if o;(0) = o;(0), choose a; = ax). Then we have 


S a5 (8; — aj) = 0. 
j 


Now if we set 6; = a; +0; — 8; we have c = a a;;. Let y; be the loop 6! - 0; - a; 
then, 


x([Hy7#?]) = td 
so that x is surjective. 


To prove the second claim we need to show that the commutator subgroup of 
m™1(X, 29) coincides with ker y. We first notice that since H,(X,Z) is abelian, the 
commutator subgroup is necessarily contained in ker x. To prove the opposite inclusion, 
let y be a loop that in homology is a 1-boundary, i.e., 7 = 0 5 a;o;. So we may write 


(2.3) Oj = Vos — Ng + Vas 
for some paths 7,;, k = 0,1,2. Choose paths (cf. Figure 4) 
aoj from 2 to 4;(0) = y2;(0) = Po 
aj; from 2 to ;(1)=70;(0) =P 
a2; from 29 to 715(1) — Yo; (1) P» 


and consider the loops 


oe St eH ee ee ae re 
Boj = Oj Nz 29, Big = OQ; Yj O17, Bag = OY; + Yq * O05. 
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FIGURE 4 


Note that the loops 
Bj = Bog Big - Bog = Oj Vay * VOI Y2I* 00 


are homotopic to the constant loop at xo (since the image of a singular 2-simplex is 
contractible). As a consequence one has the equality in 7(X, x0) 

Il; [G;|°4 =e. 
This implies that the image of I1;[3;]% in 7(X, 29)/C(m(X, xo)) is the identity. On the 
other hand from (2.3) we see that y coincides, up to reordering of terms, with I, Pi : 
that the image of the class of y in m(X,x0)/C(m1(X, xo)) is the identity as well. This 
means that y lies in the commutator subgroup. 


SO 


So whenever in the examples in Chapter 1 the fundamental groups we computed 
turned out to be abelian, we were also computing the group H;(X,Z). In particular, 


COROLLARY 2.12. Hi(X,Z) =0 if X is simply connected. 


EXERCISE 2.13. Compute H(X,Z) when X is: 1. the corolla with n petals, 2. R” 
minus a point, 3. the circle S', 4. the torus T?, 5. a punctured torus, 6. a Riemann 


surface of genus g. 


2. Relative homology 


2.1. The relative homology complex. Given a topological space X, let A be 
any subspace (that we consider with the relative topology). We fix a coefficient ring R 
which for the sake of conciseness shall be dropped from the notation. For every k > 0 
there is a natural inclusion (injective morphism of R-modules) S;,(A) C S,(X); the ho- 
mology operators of the complexes S,(A), S.(X) define a morphism 6: S;(X)/S;(A) > 
Sk-1(X)/S,%-1(A) which squares to zero. If we define 
Sx(X) | Sx-1(X) 

S,(A) Sp-1(A) 


Zj,(X, A) = ker 0: 
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; _ Sey (X) — Se(X) 
BAX, A) = Imd: BF 


W 
= 
& 


we have By, (X,A) C Z,,(X, A). 


DEFINITION 2.1. The homology groups of X relative to A are the R-modules 
Hy,(X, A) = Z,(X, A)/Bi,(X, A). When we want to emphasize the choice of the ring R 
we write S;,(X, A; R). 


The relative homology is more conveniently defined in a slightly different way, which 
makes clearer its geometrical meaning. It will be useful to consider the following diagram 


0 


eT eA) 


Si(A) ae —* > $4(X)/Sk(A) —> 0 
[2 [2 0 


0 —> Bya(A) — Bua(X) a> Bha(%4) —+ 0 


Let 
Z(X, A) = {ce € Sk(X) | Oc € S,_1(A)} 
By (X, A) = {c € Sp (X) | c= 0b+4+d¢ with be Spi i(X), dé S,(A)}. 


Thus, Z;,(X,A) is formed by the chains whose boundary is in A, and B;,(A) by the 


chains that are boundaries up to chains in A. 


LEMMA 2.2. Z;,(X, A) is the pre-image of Z;,(X,A) under the quotient homomorph- 
ism gn; that is, an element c € S_(X) is in Z,(X,A) if and only if qx(c) € Z,(X, A). 


ProoF. If g,(c) € Z,(X, A) then 0 = 00 qx(c) = qe_1 0 O(c) so that c € Z,(X, A). 
If c € Z(X, A) then qx_1 0 O(c) = 0 so that gz(c) € Z,(X, A). 


LEMMA 2.3. c € S;,(X) is in By(X, A) if and only if a,(c) € By(X, A). 


Proor. If c = 0b+c' with b € Sx41(X) and ¢ € S;(A) then g(c) = q, 0 Ob = 
0 0 qryi(b) € ByL(X, A). Conversely, if qx(c) € BL (X,A) then a (c) = 00 q41(b) for 
some b € Sp41(X), then c— Ob € ker q,_1 so that c= 0b+ c' with c € S;,(A). 


PROPOSITION 2.4. For all k > 0, Hy(X,A) ~ Z(X, A)/By(X, A). 
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PROOF. What we should do is to prove the commutativity and the exactness of the 
rows of the diagram 


Os Sp(A) ar By(X, A) oe BUX, A) ——=.0 


p= SA Aa a A) SS 

Commutativity is obvious. For the exactness of the first row, it is obvious that S;,(A) C 
B,(X, A) and that g,(c) = 0 if c € S;,(A). On the other hand if c € By(X, A) we have 
c= 0b+c¢ with b € Sp44(X) and c’ € S;(A), so that q,(c) = 0 implies 0 = qx 0 0b = 
00 qp41(b), which in turn implies c € $;(A). To prove the surjectivity of gz, just notice 
that by definition an element in Bi,(X,A) may be represented as 0b with b € S;,41(X). 
As for the second row, we have 5;(A) C Z,(X, A) from the definition of Z,(X, A). 

If c € S;(A) then q(c) = 0. If c € Z(X,A) and q(c) = 0 then c € S;(A) by the 
definition of Z,(X, A). Moreover gx is surjective by Lemma 2.2. 


2.2. Main properties of relative homology. We list here the main properties 
of the cohomology groups H;,(X,A). If a proof is not given the reader should provide 
one by her/himself. 

e If Ais empty, H,(X, A) ~ Hy,(X). 

e The relative cohomology groups are functorial in the following sense. Given to- 
pological spaces X, Y with subsets A C X, B C Y, a continous map of pairs is a 
continuous map f: X — Y such that f(A) C B. Such a map induces in natural way 
a morphisms of R-modules f,: H.(X,A) — H.(Y,B). If we consider the inclusion of 
pairs (X,0) — (X, A) we obtain a morphism H,(X) >, H(X, A). 

e The inclusion map i: A ~ X induces a morphism H,(A) — H,(X) and the 
composition H,(A) — H.(X) — H.(X, A) vanishes (since Z,(A) C B,(X, A)). 

e If X = U;X; is a union of pathwise connected components, then H;,(X,A) ~ 
©; Hy (Xj, Aj) where Aj = AN Xj. 


PROPOSITION 2.5. If X is pathwise connected and A is nonempty, then Ho(X, A) 
= 0. 


ProoF. If c = }),ajx; € So(X) and 7; is a path from zo € A to 2;, then 
OD); 725) = c — (Y7; aj) x0 so that c € Bo(X, A). 


COROLLARY 2.6. Ho(X,A) is a free R-module generated by the components of X 
that do not meet A. 


Indeed H;(X;,A;) = 0 if A; is empty. 


PROPOSITION 2.7. If A= {xo} is a point, H,(X, A) ~ Hy(X) fork > 0. 
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Ze (X, A) — {c E Si (X) | Oc eE Sp—1(A)} = Z(X) when k > 0 
{c € S,(X)|c= 0b4+c with b € Spyi(X), ¢ € Sz(A)} 
= B,(X) when k > 0. 


w 

& 

i 
T 


2.3. The long exact sequence of relative homology. By definition the relative 
homology of X with respect to A is the homology of the quotient complex S.(X)/S.(A). 
By Proposition 1.6, adapted to homology by reversing the arrows, one obtains a long 
exact cohomology sequence 


wala H2(A) = H2(X) = A2(X, A) 
ae H(A) => Ay(X) => HX, A) 
— Ho(A) > Ho(X) — Ho(X, A) — 0 


EXERCISE 2.8. Assume to know that H(S',R) ~ R and H;(S',R) = 0 for k > 
1. Use the long relative homology sequence to compute the relative homology groups 
H,(R?, S14; R). 


3. The Mayer-Vietoris sequence 


The Mayer-Vietoris sequence (in its simplest form, that we are going to consider 
here) allows one to compute the homology of a union X = U UV from the knowledge 
of the homology of U, V and UNV. This is quite similar to what happens in de Rham 
cohomology, but in the case of homology there is a subtlety. Let us denote A=UNV. 
One would think that there is an exact sequence 


0 S,(A) + S,(U) @ S;(V) 2 5,(X) 0 


where 7 is the morphism induced by the inclusions A -~ U, A V, and p is given by 
p(o1, 02) = 01 — o2 (again using the inclusions U — X, V ~ X). However, it is not 
possible to prove that p is surjective (if o is a singular k-simplex whose image is not 
contained in U or V, it is not in general possible to write it as a difference of standard 
k-simplexes in U, V). The trick to circumvent this difficulty consists in replacing S.(X) 
with a different complex that however has the same homology. 


Let & = {U,} be an open cover of X. 


DEFINITION 2.1. A singular k-chain 0 = a ajo; 1s U-small if every singular k- 
simplex 0; maps into an open set Ua, € U for some a. Moreover we define SEX) as 
the subcomplex of S.(X) formed by U-small chains.! 


The homology differential 0 restricts to Si!(X), so that one has a homology Hi'(X). 


1A gain, we understand the choice of a coefficient ring R. 
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Eo 


Ey 
FIGURE 5. The join B(< Eo, EF; >) 


PROPOSITION 2.2. Hi!(X) ~ H.(X). 


To prove this isomorphism we shall build a homotopy between the complexes S3'(X) 
and 5,(X). This will be done in several steps. 

Given a singular k-simplex < Qo,...,Q% > in R” and a point B © R” we consider 
the singular simplex < B,Qo,...,Qx >, called the join of B with < Qo,...,Qz >. This 
operator B is then extended to singular chains in R” by linearity. The following Lemma 
is easily proved. 


LEMMA 2.3. 00 B+ Bod =Id on S;(R") if k > 0, while Oo Blo) =a —()),a;)B 
ifo= Ds AjGLi E So(R”). 


Next we define operators U: S,(X) — S,(X) and T: S,(X) — Sp41(X). The 
operator & is called the subdivision operator and its effect is that of subdividing a 
singular simplex into a linear combination of “smaller” simplexes. The operators © 
and T, analogously to what we did for the prism operator, will be defined for X = A, 
(the space consisting of the standard k-simplex) and for the “identity” singular simplex 
dy: Ap — Ap, and then extended by functoriality. This should be done for all k. One 
defines 


X(d0) = 40,  T(do) = 0. 
and then extends recursively to positive k: 


D(dz¢) = Be(U(00g)), T (dz) = Bron — &(dx) — T(O6x)) 


where the point B;, is the barycenter of the standard k-simplex A,, 


k 
1 
Boe = Ps 
R grid Q 


EXAMPLE 2.4. For k = 1 one gets %(61) =< B,P, > — < B,Po >; for k = 2, the 
action of © splits A» into smaller simplexes as shown in Figure 6. 


30 2. HOMOLOGY THEORY 


im) 
M, Mo 
By 
Po Mo P, 


FIGURE 6. The subdivision operator % splits Ag into the chain 
< Bo, Mo, Po > — < Bo,Mo, Pi > — < Bo, M1, P2 >4+ < Bo, M1, Po > 
+ < Bo, Mo, Py > -— < Bo, Mo, Po > 


The definition of © and T for every topological space and every singular k-simplex 
a in X is 
U(o) = Sk(o)(U(6n)), — To) = Sr4i(o)(T (6x). 
LEMMA 2.5. One has the identities 


0o%=VOO, 00T+To0d=Id—™. 


PROOF. These identities are proved by direct computation (it is enough to consider 
the case X = Ax). 


The first identity tells us that % is a morphism of differential complexes, and the 
second that T is a homotopy between © and Id, so that the morphism %, induced in 
homology by © is an isomorphism. 


The diameter of a singular k-simplex o in R” is the maximum of the lengths of 
the segments contained in o. The proof of the following Lemma is an elementary 


computation. 


LEMMA 2.6. Let o =< Eo,..., Ex >, with Eo,..., Ex, € R”. The diameter of every 
simplex in the singular chain X(a) € S;,(IR") is at most k/k +1 times the diameter of 
oO. 


PROPOSITION 2.7. Let X be a topological space, 4 = {U.} an open cover, and o 
a singular k-simplez in X. There is a natural number r > 0 such that every singular 
simplex in O"(o) is contained in a open set Ug. 


ProoF. As Ax is compact there is a real positive number ¢ such that o maps a 
neighbourhood of radius € of every point of A, into some U,. Since 
kr 


lim ——— = 
paces. (k+1)" 


3. THE MAYER-VIETORIS SEQUENCE 31 


there is an r > 0 such that ©"(6,) is a linear combination of simplexes whose diameter 
is less than €. But as H"(0) = S;(o7)("(%)) we are done. 


This completes the proof of Proposition 2.2. We may now prove the exactness of 
the Mayer-Vietoris sequence in the following sense. If X = U UV (union of two open 
subsets), let “= {U,V} and A= UNV. 


PROPOSITION 2.8. For every k there is an exact sequence of R-modules 
0 S;(A) ++ 54(U) © S,(V) & SX) 3 0. 


PROOF. One has a diagram of inclusions 
U 
ne 
A xX 
i He 
V 


Defining i(o) = (Cy 00,—y 00) and p(oi, 02) = ju 901 + jv © 02, the exactness of the 


Mayer-Vietoris sequence is easily proved. 


The morphisms 7 and p commute with the homology operator 0, so that one obtains 
a long homology exact sequence involving the homologies H,(A), H.(V) © H.(V) and 
Hi(X). But in view of Proposition 2.2 we may replace H}'(X) with the homology 
H,(X), so that we obtain the exact sequence 


_— H2(A) => H2(U) <p) H2(V) — H2(X) 
EXERCISE 2.9. Prove that for any ring R the homology of the sphere S” with 
coefficients in R, n > 2, is 


R for k=Oandk=n 
0 for 0<k<nandk>n. 


14S", B) = 


EXERCISE 2.10. Show that the relative homology of S$? mod S$ with coefficients in 
Z is concentrated in degree 2, and H2($?,.$') ~ ZZ. 


EXERCISE 2.11. Use the Mayer-Vietoris sequence to compute the homology of a 
cylinder S$! x R minus a point with coefficients in Z. (Hint: since the cylinder is 
homotopic to S', it has the same homology). The result is (calling X the space) 


Ho(X,Z)~Z, Hi(X,Z)~Z@Z, Ho(X,Z) =0. 


Compare this with the homology of S? minus three points. 
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4. Excision 


If a space X is the union of subspaces, the Mayer-Vietoris suquence allows one to 
compute the homology of X from the homology of the subspaces and of their intersec- 
tions. The operation of excision in some sense gives us information about the reverse 
operation, i.e., it tells us what happen to the homology of a space if we “excise” a sub- 
pace out of it. Let us recall that given a map f: (X, A) — (Y, B) (ie.,a map f: X —~ Y 
such that f(A) C B) there is natural morphism f,: H.(X,A) — H.(Y, B). 


DEFINITION 2.1. Given nested subspaces U C A C X, the inclusion map (X —U, A— 
U) — (X,A) is said to be an excision if the induced morphism H,(X — U,A-—U) > 
Hy,(X, A) is an isomorphism for all k. 


If (X —U,A-—U) = (X, A) is an excision, we say that U “can be excised.” 


To state the main theorem about excision we need some definitions from topology. 


DEFINITION 2.2. 1. Let i: A — X be an inclusion of topological spaces. A map 
r: X — A is a retraction of i ifroi=Idy. 

2. A subspace A C X is a deformation retract of X if Idx is homotopically equivalent 
toior, where r: X — A is a retraction. 


Ifr: X — Aisa retraction of i: A X, then r, 0%, = Idy,:4), so that i,: H.(A) — 
H,(X) is injective. Moreover, if A is a deformation retract of X, then H,(A) ~ H.(X). 
The same notion can be given for inclusions of pairs, (A, B) — (X,Y); if such a map is 
a deformation retract, then H,(A,B) ~ H.(X,Y). 


EXERCISE 2.3. Show that no retraction $S” > $”—! can exist. 


THEOREM 2.4. If the closure U of U lies in the interior int(A) of A, then U can be 
excised. 


PRooF. We consider the cover LL = {X — U,int(A)} of X. Let ¢ = yj jj E 
Zy(X, A), so that Oc € S,_-1(A). In view of Proposition 2.2 we may assume that c is Lt 
small. If we cancel from o those singular simplexes 0; taking values in int(A), the class 
(c] © H;,(X, A) is unchanged. Therefore, after the removal, we can regard c as a relative 
cycle in X—U mod A-—U; this implies that the morphism H;,(X—U, A—U) — H;,(X, A) 
is surjective. 

To prove that it is injective, let [c] € H,(X —U,A-—U) be such that, regarding c as 
a cycle in X mod A, it is a boundary, i.e., c € By(X, A). This means that 

c=Ob+c with be S,41(X), c € S,(A). 


We apply the operator ” to both sides of this inequality, and split ©"(b) into b; + be, 
where b; maps into X — U and be into int(A). We have 


BCE) — 0b, = »7(c’) + Obp. 
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The chain in the left side is in X —U while the chain in the right side is in A; therefore, 
both chains are in (X —U)N A= A-—U. Now we have 


=" (e) = y(¢) + 0b2 + 0b1 


with "(c!)+0b2 € S;,(A—U) and 0b; € S;41(X —U) so that ©"(c) € B,(X —U, A-U), 
which implies [c] = 0 (in H,(X —U,A-U)). 


EXERCISE 2.5. Let B an open band around the equator of S$”, and zo € B. Compute 
the relative homology H.(S? — x9, B — x9; Z). 


To describe some more applications of excision we need the notion of augmented 
homology modules. Given a topological space X and a ring R, let us define 


a': So(X,R) — R 
Ss" Ajo; > = aj. 
j j 
We define the augmented homology modules 
Hi(X, R) = ker 04/Bo(X,R),  Hi(X,R) = Hy(X,R) for k > 0. 


If A Cc X, one defines the augmented relative homology modules Hi(X, A; R) ina 


similar way, ie., 
Hi(X, A; R) = Hy,(X,4;R)if AZO, -HE(X, A; R) = Hy (X, R) if A=0. 


EXERCISE 2.6. Prove that there is a long exact sequence for the augmented relative 
homology modules. 


EXERCISE 2.7. Let B” be the closed unit ball in R"+!, $” its boundary, and let E+ 
be the two closed (northern, southern) emispheres in $”. 

1. Use the long exact sequence for the augmented relative homology modules to 
prove that Hi(S") By H'(S", Ez) and Ht _4(s?-}) ~ HBS): So we have 
H'(B", S"-1) =0 fork <n, HA(B", 5") ~R 

2. Use excision to show that His", ET) Hi(B", Crat), 

3. Deduce that His”) ~ Hh (Se); 


EXERCISE 2.8. Let S” be the sphere realized as the unit sphere in R”*!, and let 
r: 5” > $” — S” be the reflection 
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Prove that r,: H,(S”") — H,(S”) is the multiplication by —1. (Hint: this is trivial for 
n = 0, and can be extended by induction using the commutativity of the diagram 


Hn(S") —> Hp_,(S"-) 
r ry 
Hy(S") —> Hy_a(S"71) 
which follows from Exercise 2.7. 


EXERCISE 2.9. 1. The rotation group O(n + 1) acts on S$”. Show that for any 
M € O(n +1) the induced morphism M,: H,,(S”) — H,,(S”) is the multiplication by 
det M = +1. 

2. Let a: S” — S” be the antipodal map, a(x) = —x. Show that a,: H,(S”) > 
H,,($") is the multiplication by (—1)"*!. 


EXAMPLE 2.10. We show that the inclusion map (E,,S"~') — (S",E;) is an 
excision. (Here we are excising the open southern emisphere, i.e., with reference to the 
general theory, X = S”, U = the open southern emisphere, A = E;, .) 

The hypotheses of Theorem 2.4 are not satisfied. However it is enough to consider 
the subspace 

V={xeS"|x°>—h} : 
V can be excised from (S",E,). But (£*,9"~+) is a deformation retract of (S" — 
V, E, —V) so that we are done. 


We end with a standard application of algebraic topology. Let us define a vector 
field on S” as a continous map v: S” — R"+! such that u(x) +x = 0 for all x € S” (the 


product is the standard scalar product in R"*+'), 


PROPOSITION 2.11. A nowhere vanishing vector field v on S” exists if and only if 
n is odd. 
ProoF. If n = 2m+1 a nowhere vanishing vector field is given by 
v(x0, er Seon) = (—21, XO, —V3,%2,--+, -LIm+1; Lore) : 


Conversely, assume that such a vector field exists. Define 


e@ 


this is a map S” > S”, with w(x)- x =0 for all x € S”. Define 
Peis” xT —» <8” 
F(z,t) = xcostr+uw(z) sintz. 


Since 
Be. 0) =x; F(a, 4) = w(z), F(a,1)=—-2 


4. EXCISION 35 


the three maps Id, w, a are homotopic. But as a consequence of Exercise 2.9, n must 
be odd. 


CHAPTER 3 
Introduction to sheaves and their cohomology 


1. Presheaves and sheaves 


Let X be a topological space. 


DEFINITION 3.1. A presheaf of Abelian groups on X is a rule! P which assigns an 
Abelian group P(U) to each open subset U of X and a morphism (called restriction map) 
pu: P(U) — P(V) to each pair V C U of open subsets, so as to verify the following 


requirements: 


(1) PO) = {0}; 
(2) yu is the identity map; 
(3) ifW CV CU are open sets, then puw = Yv.w ° pu - 


The elements s € P(U) are called sections of the presheaf P on U. If s € P(U) is 
a section of P on U and V C U, we shall write sjy instead of yy,v(s). The restriction 
Piu of P to an open subset U is defined in the obvious way. 


Presheaves of rings are defined in the same way, by requiring that the restriction 
maps are ring morphisms. If R is a presheaf of rings on X, a presheaf M of Abelian 
groups on X is called a presheaf of modules over R (or an R-module) if, for each open 
subset U, M(U) is an R(U)-module and for each pair V C U the restriction map 
puv: M(U) > M(V) is a morphism of R(U)-modules (where M(V) is regarded as 
an R(U)-module via the restriction morphism R(U) — R(V)). The definitions in this 
Section are stated for the case of presheaves of Abelian groups, but analogous definitions 
and properties hold for presheaves of rings and modules. 


DEFINITION 3.2. A morphism f: P — Q of presheaves over X is a family of morph- 
isms of Abelian groups fu: P(U) — Q(U) for each open U C X, commuting with the 


lThis rather naive terminology can be made more precise by saying that a presheaf on X is a 
contravariant functor from the category Ox of open subsets of X to the category of Abelian groups. 
Ox is defined as the category whose objects are the open subsets of X while the morphisms are the 


inclusions of open sets. 
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restriction morphisms; t.e., the following diagram commutes: 


PU) 2+ Qu) 


PU,V | pov 


PV) av) 


DEFINITION 3.3. The stalk of a presheaf P at a point x € X is the Abelian group 


P, = limP(U) 
uw 


where U ranges over all open neighbourhoods of x, directed by inclusion. 


REMARK 3.4. We recall here the notion of direct limit. A directed set I is a partially 
ordered set such that for each pair of elements i, 7 € J there is a third element k such 
that i < k andj < k. If J is a directed set, a directed system of Abelian groups is 
a family {G;}ier, of Abelian groups, such that for all 7 < j there is a group morphism 
fi: Gi + Gj, with fi = id and fi; ° fjx = fix. On the set 6 = [],-,Gi, where [] 
denotes disjoint union, we put the following equivalence relation: g ~ h, with g € G; 
and h € Gj, if there exists a k € I such that fix(g) = fjx(h). The direct limit [ of the 
system {G}ier, denoted [ = lim, - , Gi: is the quotient 6 / ~. Heuristically, two elements 
in 6 represent the same element in the direct limit if they are ‘eventually equal.’ From 
this definition one naturally obtains the existence of canonical morphisms G; — I. The 
following discussion should make this notion clearer; for more detail, the reader may 
consult [12]. 


If « € U and s € P(U), the image s, of s in P, via the canonical projection 
P(U) — Pz (see footnote) is called the germ of s at x. From the very definition of direct 
limit we see that two elements s € P(U), s’ € P(V), U, V being open neighbourhoods 
of x, define the same germ at x, ie. s, = s/,, if and only if there exists an open 
neighbourhood W C UNV of « such that s and s’ coincide on W, sw = s/w. 


DEFINITION 3.5. A sheaf on a topological space X is a presheaf F on X which fulfills 
the following axioms for any open subset U of X and any cover {U;} of U. 


S1) If two sections se F(U), 5 € F(U) coincide when restricted to any U;, su, = 
S\y,, they are equal, s = 8. 

S2) Given sections s; € F(U;) which coincide on the intersections, sijy,qu; = 
SiIU,NU; for every i,j, there exists a section s € F(U) whose restriction to 
each U; equals s;, 1.€. sy, = Si. 


Thus, roughly speaking, sheaves are presheaves defined by local conditions. The 
stalk of a sheaf is defined as in the case of a presheaf. 
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EXAMPLE 3.6. If F is a sheaf, and F, = {0} for all x € X, then F is the zero sheaf, 
F(U) = {0} for all open sets U C X. Indeed, if s € F(U), since sz = 0 for all x € U, 
there is for each x € U an open neighbourhood U; such that sj, = 0. The first sheaf 


axiom then implies s = 0. This is not true for a presheaf, cf. Example 3.14 below. 


A morphism of sheaves is just a morphism of presheaves. If f : 7 — G is a morphism 
of sheaves on X, for every x € X the morphism f induces a morphism between the stalks, 
fe : Fx — Gz, in the following way: since the stalk F, is the direct limit of the groups 
F(U) over all open U containing x, any g € F, is of the form g = s, for some open 
U > 2 and some s € F(U); then set fr(g) = (fu(s))z- 


A sequence of morphisms of sheaves 0 > F’ — F — F"” — 0 is exact if for every 


point x € X, the sequence of morphisms between the stalks 0 — Fi, = F, — Fi! = 0 is 


exact. If 0 =~ F’ — F — F" — 0 is an exact sequence of sheaves, for every open subset 
U c X the sequence of groups 0 — F'(U) — F(U) — F"(U) is exact, but the last 
arrow may fail to be surjective. An instance of this situation is contained in Example 
3.11 below. 


EXERCISE 3.7. Let 0 — F’ — F — F"” — 0 be an exact sequence of sheaves. Show 
that 0 — F' — F — F" is an exact sequence of presheaves. 


EXAMPLE 3.8. Let G be an Abelian group. Defining P(U) = G for every open 
subset U and taking the identity maps as restriction morphisms, we obtain a presheaf, 
called the constant presheaf Gx. All stalks (Gx), of Gx are isomorphic to the group 
G. The presheaf Gx is not a sheaf: if Vj and V2 are disjoint open subsets of X, and 
U = Vi UVa, the sections g1 € Gx (Vi) = G, go € Gx(V2) = G, with g1 ¥ gp, satisfy the 
hypothesis of the second sheaf axiom $2) (since Vj N V2 = @ there is nothing to satisfy), 
but there is no section g € Gx(U) = G which restricts to g,; on V; and to gg on V3. 


EXAMPLE 3.9. Let Cx (U) be the ring of real-valued continuous functions on an open 
set U of X. Then Cx is a sheaf (with the obvious restriction morphisms), the sheaf of 
continuous functions on X. The stalk C, = (Cx), at x is the ring of germs of continuous 
functions at x. 


EXAMPLE 3.10. In the same way one can define the following sheaves: 


The sheaf CY of differentiable functions on a differentiable manifold X. 


The sheaves (4, of differential p-forms, and all the sheaves of tensor fields on a 
differentiable manifold X. 


The sheaf of holomorphic functions on a complex manifold and the sheaves of holo- 


morphic p-forms on it. 
The sheaves of forms of type (p,q) on a complex manifold X. 


EXAMPLE 3.11. Let X be a differentiable manifold, and let d: OX — Q& be the 


exterior differential. We can define the presheaves Z¥. of closed differential p-forms, and 
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BK. of exact p-differential forms, 
ZR (U) = {w € MU) | dw = 0}, 


BR(U) = {we 08(U)|w=dr forsome 7€ ae" (U)}. 


ZY is a sheaf, since the condition of being closed is local: a differential form is closed if 
and only if it is closed in a neighbourhood of each point of X. On the contrary, BK. is 
not a sheaf. In fact, if X = R?, the presheaf B} of exact differential 1-forms does not 
fulfill the second sheaf axiom: consider the form 
xdy — ydx 

rrr 
defined on the open subset U = X — {(0,0)}. Since w is closed on U, there is an 
open cover {U;} of U by open subsets where w is an exact form, wy, € BX (Ui) (this is 
Poincaré’s lemma). But w is not an exact form on U because its integral along the unit 
circle is different from 0. 


This means that, while the sequence of sheaf morphisms 0 — R — C& a Zi 0 


is exact (Poincaré lemma), the morphism CY (U) tes Z}(U) may fail to be surjective. 


1.1. Etalé space. We wish now to describe how, given a presheaf, one can natur- 
ally associate with it a sheaf having the same stalks. As a first step we consider the case 
of a constant presheaf Gy on a topological space X, where G is an Abelian group. We 
can define another presheaf Gx on X by putting Gx(U) = {locally constant functions 
f:U — G}, ? where Gx(U) = G is included as the constant functions. It is clear that 
(Gx)z = Gy = G at each point x € X and that Gx is a sheaf, called the constant sheaf 
with stalk G. Notice that the functions f: U — G are the sections of the projection 
m: [nex Gr — X and the locally constant functions correspond to those sections which 
locally coincide with the sections produced by the elements of G. 


Now, let P be an arbitrary presheaf on X. Consider the disjoint union of the stalks 
P = [cx Pr and the natural projection 7: P + X. The sections s € P(U) of the 
presheaf P on an open subset U produce sections s: U — P of 7, defined by s(x) = sz, 
and we can define a new presheaf P! by taking PU ) as the group of those sections 
ao: U —P of zw such that for every point x € U there is an open neighbourhood V Cc U 
of x which satisfies oyy = s for some s € P(V). 


That is, P? is the presheaf of all sections that locally coincide with sections of P. It 


can be described in another way by the following construction. 


DEFINITION 3.12. The set P, endowed with the topology whose base of open subsets 
consists of the sets s(U) for U open in X and s € P(U), is called the étalé space of the 
presheaf P. 


2A function is locally constant on U if it is constant on any connected component of U. 
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EXERCISE 3.13. (1) Show that 7: P — X isa local homeomorphism, i.e., every 
point wu € P has an open neighbourhood U such that 7: U — 7(U) is a 
homeomorphism. 

(2) Show that for every open set U C X and every s € P(U), the section s: U + P 
is continuous. 

Prove that P? is the sheaf of continuous sections of 7: P > X. 

Prove that for all x € X the stalks of P and P# at x are isomorphic. 

Show that there is a presheaf morphism ¢: P — P?. 


Show that ¢ is an isomorphism if and only if P is a sheaf. 


P' is called the sheaf associated with the presheaf P. In general, the morphism 
¢: P > P' is neither injective nor surjective: for instance, the morphism between the 
constant presheaf Gx and its associated sheaf Gx is injective but nor surjective. 


EXAMPLE 3.14. As asecond example we study the sheaf associated with the presheaf 
BE of exact k-forms on a differentiable manifold X. For any open set U we have an 
exact sequence of Abelian groups (actually of R-vector spaces) 


0 BE(U) = ZE(U) = HE(U) 40 


where He is the presheaf that with any open set U associates its k-th de Rham cohomo- 
logy group, H4&.(U) = Hip(U). Now, the open neighbourhoods of any point « € X 
which are diffeomorphic to R" (where n = dim X) are cofinal? in the family of all open 
neighbourhoods of a, so that (H&-), = 0 by the Poincaré lemma. In accordance with 
Example 3.6 this means that (H%) = 0, which is tantamount to (BK.)' ~ 2%. 


In this case the natural morhism H% — (He) is of course surjective but not 


injective. On the other hand, Bk = (BE)! = Z*. is injective but not surjective. 


DEFINITION 3.15. Given a sheaf F on a topological space X and a subset (not 
necessarily open) S Cc X, the sections of the sheaf F on S are the continuous sections 
ao: SOF ofm: FX. The group of such sections is denoted by T(S, F). 


DEFINITION 3.16. Let P, Q be presheaves on a topological space X. * 


(1) The direct sum of P and Q is the presheaf P © Q given, for every open subset 
Uc xX, by (PG Q)(U) = P(U) 6 Q(U) with the obvious restriction morphisms. 


3Let I be a directed set. A subset J of I is said to be cofinal if for any i € I there isa j € J 
such that i < j. By the definition of direct limit we see that, given a directed family of Abelian groups 
{Gi}ier, if {Gj}je7 is the subfamily indexed by J, then 

lim G; ~ limG; ; 
— — 
ier jet 
that is, direct limits can be taken over cofinal subsets of the index set. 


4Since we are dealing with Abelian groups, i.e. with Z-modules, the Hom modules and tensor 


products are taken over Z. 
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(2) For any open set U C X, let us denote by Hom(Piy,, Qir7) the space of morph- 
isms between the restricted presheaves Py and Qiy; this is an Abelian group in a nat- 
ural manner. The presheaf of homomorphisms is the presheaf Hom(P, Q) given by 
Hom(P, Q)(U) = Hom(Piy, Qj) with the natural restriction morphisms. 


(3) The tensor product of P and Q is the presheaf (P ® Q)(U) = P(U) ® Q(U). 


If F and G are sheaves, then the presheaves F 6 G and Hom(F, G) are sheaves. 
On the contrary, the tensor product of F and G previously defined may not be a sheaf. 
Indeed one defines the tensor product of the sheaves F and G as the sheaf associated 
with the presheaf U — F(U) @ G(U). 

It should be noticed that in general Hom(F,G)(U) 4 Hom(F(U), G(U)) and 
Hom(F, G)2 # Hom(Fzr, Gz). 


1.2. Direct and inverse images of presheaves and sheaves. Here we study 
the behaviour of presheaves and sheaves under change of base space. Let f: X — Y be 


a continuous map. 


DEFINITION 3.17. The direct image by f of a presheaf P on X is the presheaf f,.P 
on Y defined by (fxP)(V) = P(f—~(V)) for every open subset V CY. If F is a sheaf 
on X, then f,F turns out to be a sheaf. 


Let P be a presheaf on Y. 
DEFINITION 3.18. The inverse image of P by f is the presheaf on X defined by 


U—> lim P(V). 
—? 
Ucf-1(V) 


The inverse image sheaf of a sheaf F on Y is the sheaf f—'F associated with the inverse 
image presheaf of F. 


The stalk of the inverse image presheaf at a point x € X is isomorphic to Pycz). 


It follows that if 0 —~ F’ — F — F" — 0 is an exact sequence of sheaves on Y, the 
induced sequence 


O33 fF Spe PS 0 
of sheaves on X, is also exact (that is, the inverse image functor for sheaves of Abelian 
groups is exact). 
The étalé space f~!F of the inverse image sheaf is the fibred product ° Y x x F. It 


follows easily that the inverse image of the constant sheaf Gy on X with stalk G is the 
constant sheaf Gy with stalk G, f-'Gxy = Gy. 


5For a definition of fibred product see e.g. [15]. 
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2. Cohomology of sheaves 


We wish now to describe a cohomology theory which associates cohomology groups 
to a sheaf on a topological space X. 


2.1. Cech cohomology. We start by considering a presheaf P on X and an open 
cover LU of X. We assume that L is labelled by a totally ordered set J, and define 


Vio...ip = Vio Meee A Ui, ; 


We define the Cech complex of U with coefficients in P as the complex whose p-th term 
is the Abelian group 
C°(,P)= J] P(Ui..ip)- 
in<-<ép 
Thus a p-cochain aq is a collection { Qs: a, of sections of P, each one belonging to the 
space of sections over the intersection of p+ 1 open sets in LL. Since the indexes of the 
open sets are taken in strictly increasing order, each intersection is counted only once. 
The Cech differential 6: C?({,P) > C?+!(L, P) is defined as follows: if a = Gee 
€ CP(L, P), then 
pt1 
{(OQ)io..-ipga t = ote te patie 4, 
k=0 


41° 
Here a caret denotes omission of the index. For instance, if p = 0 we have a = {a;} and 


(3.1) (da) ik = OR|U;AU_ — O%|UWNUs « 


It is an easy exercise to check that 6? = 0. Thus we obtain a cohomology theory. We 
denote the corresponding cohomology groups by H* (LU, P). 


LEMMA 3.1. If F is a sheaf, one has an isomorphism H°(L, F) ~ F(X) 


Proor. We have H°(U,F) = ker 6: C°(M,P) — C1(U,P). So if a € H°(M, F) by 
(3.1) we see that 
AK|U;NU, = O|UiNUy * 
By the second sheaf axiom this implies that there is a global section @ € F(X) such 
that ay, = a;. This yields a morphism 1 °(L, F) — F(X), which is evidently surjective 


and is injective because of the first sheaf axiom. 


EXAMPLE 3.2. We consider an open cover SX of the circle S' formed by three sets 
which intersect only pairwise. We compute the Cech cohomology of { with coefficients 
in the constant sheaf R. We have C°(U,R) = C1(U,R) = ROROR, C*(U,R) = 
0 for k > 1 because there are no triple intersections. The only nonzero differential 
dg: C°(U,R) > C'({,R) is given by 


do(xo, £1, 22) = (#1 — £2, £2 — Xo, 0 — £1). 
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Hence 


H°(U,R) =kerd) ~R 


H' (4, R) = C'(U,R)/Imdy ~ R. 


It is possible to define Cech cohomology groups depending only on the pair (X, F), 
and not on a cover, by letting 


H*(X, F) =lim A*(u, F). 
YU 

The direct limit is taken over a cofinal subset of the directed set of all covers of X (the 
order is of course the refinement of covers: a cover U = {V;}je7 is a refinement of L if 
there isa map f: I — J such that V¢(;, C U; for every i € I). The order must be fixed 
at the outset, since a cover may be regarded as a refinement of another in many ways. 
As different cofinal families give rise to the same inductive limit, the groups H*(X, F) 
are well defined. 


2.2. Fine sheaves. Cech cohomology is well-behaved when the base space X is 
paracompact. (It is indeed the bad behaviour of Cech cohomology on non-paracompact 
spaces which motivated the introduction of another cohomology theory for sheaves, 
usually called sheaf cohomology; cf. [5].) In this and in the following sections we consider 
some properties of Cech cohomology that hold in that case. 


DEFINITION 3.3. A sheaf of rings R on a topological space X is fine if, for any 
locally finite oper cover U= {Uj hier of X, there is a family {s;}ier of global sections of 
R such that: 


(1) Dier si =1; 
(2) for every i € I there is a closed subset S; C U; such that (s;), = 0 whenever 


The family {s;} is called a partition of unity subordinated to the cover Uf. For 
instance, the sheaf of continuous functions on a paracompact topological space as well 
as the sheaf of smooth functions on a differentiable manifold are fine, while sheaves of 


complex or real analytic functions are not. 


DEFINITION 3.4. A sheaf F of Abelian groups on a topological space X is said to be 
acyclic if H*(X,F) =0 fork > 0. 


PROPOSITION 3.5. Let R be a fine sheaf of rings on a paracompact space X. Every 
sheaf M of R-modules is acyclic. 
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Proor. Let & = {U;}ier be a locally finite open cover of X, and let {p;} be a 
partition of unity of R subordinated to UL. For any a € C4(L,M) with q > 0 we set 


Cas = S Pj Qjig..ig—1 = S Pj Qin jit..ig—1 a esas 

jel jel 

j<to 1o<j<uy 

q 

~~ : (ee) : P35 Qio..ip—1jtk-.tg—1 . 
k=0 : 
gel 
tp—1<J<tp 


This defines a morphism K: C*(U,M) — C*-1(U,M) such that 6K + K6 = id (ie., 
K is a homotopy operator); then a = 6Ka if da = 0, so that H*(U,M) = 0 for k > 0. 
Since on a paracompact space the locally finite open covers are cofinal in the family 
of all covers, we can take direct limit on such covers, thus getting H*(X,M) = 0 for 
k > 0. 


EXAMPLE 3.6. Using this result we may recast the proof of the exactness of the 
Mayer-Vietoris sequence for de Rham cohomology in a slightly different form. Given a 
differentiable manifold X, let L{ be the open cover formed by two sets U and V. Since 
C?(U,Q") = 0 (there are no triple intersections) we have an exact sequence 


0 Au, 0%) = 6(4,.0*) & 64,9") 5 0. 


which in principle is exact everywhere but at C1({, 0"). However since the sheaves 0* 
are acyclic by Proposition 3.5, one has H!({,0") = 0, which means that 6 is surjective, 
and the sequence is exact at that place as well. We have the identifications 


A (o*) =9"(X),. e640") =a UO) eorV), ceo) =aUnv) 
so that we obtain the exactness of the Mayer-Vietoris sequence. 


2.3. Long exact sequences in Cech cohomology. We wish to show that when 
X is paracompact, any exact sequence of sheaves induces a corresponding long exact 


sequence in Cech cohomology. 
LEMMA 3.7. Let X be any topological space, and let 


(3.2) 0+ P’ +P —P" 50 


be an exact sequence of presheaves on X. Then one has a long exact sequence 


0— H°(X,P’) — H°(X,P) — H°(X, P") — AN(X,P’) -... 
SH XP) SS AEP ss Oe Pe Pa os 
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PROOF. For any open cover { the exact sequence (3.2) induces an exact sequence 
of differential complexes 


0 C*(u, P’) = C*(U, P) = C*(U, P”) + 0 
which induces the long cohomology sequence 


0— H°(U,P’) = HL, P) — H(i, P”) ALP)... 
— H(i, P’) — H*®(, P) — A*(U,P") — BP)... 


Since the direct limit of a family of exact sequences yields an exact sequence, by taking 


the direct limit over the open covers of X one obtains the required exact sequence. 


LEMMA 3.8. Let X be a paracompact topological space, P a presheaf on X whose 
associated sheaf is the zero sheaf, let LL be an open cover of X, and let a € C*(L,P). 
There is a refinement 0 of St such that t(a) = 0, where rt: C*(U,P) — C*(25,P) is 
the morphism induced by restriction. 


Proor. The proof relies on a standard paracompactness argument. See [13] §2.9. 


PROPOSITION 3.9. Let P be a presheaf on a paracompact space X, and let P' be the 
associated sheaf. For all k > 0, the natural morphism H*(X,P) > H*(X,P*) is an 
isomorphism. 


PROOF. One has an exact sequence of presheaves 


0—- 0, —P » Pi > Oo > 0 


with 
(3.3) Qi = Qh =0. 


This gives rise to 


(3.4) 0-92, —-P-—-T —0, CaF Pl = Oy 0 


where T is the quotient presheaf P/Q), i.e. the presheaf U - P(U)/Q)(U). By Lemma 
3.8 the isomorphisms (3.3) yield H*(X, Q;) = H*(X, Q2) = 0. Then by taking the long 
exact sequences of cohomology from the exact sequences (3.4) we obtain the desired 


isomorphism. 


Using these results we may eventually prove that on paracompact spaces one has 
long exact sequences in Cech cohomology. 


THEOREM 3.10. Let 
CS Fae Pr 0 
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be an exact sequence of sheaves on a paracompact space X. There is a long exact 
sequence of Cech cohomology groups 

0 — H°(X,F') — H°(X,F) — H°(X,F") — HY(X,F) -... 

— H*(X,F') — H*(X,F) > H*(X,F") = HEX, F) >... 


PRooF. Let P be the quotient presheaf F/F'; then Pi ~ F". One has an exact 
sequence of presheaves 
0-7’ =F -—P-0. 


By taking the associated long exact sequence in cohomology (cf. Lemma 3.7) and using 


the isomorphism H*(X,P) = H*(X,#") one obtains the required exact sequence. 


2.4. Abstract de Rham theorem. We describe now a very useful way of com- 
puting cohomology groups; this result is sometimes called “abstract de Rham theorem.” 
As a particular case it yields one form of the so-called de Rham theorem, which states 
that the de Rham cohomology of a differentiable manifold and the Cech cohomology of 
the constant sheaf R are isomorphic. 


DEFINITION 3.11. Let F be a sheaf of abelian groups on X. A resolution of F is a 
collection of sheaves of abelian groups {L* pen with morphisms i: F > L°, dp: L* 


L*! such that the sequence 


i d d 
Os se SS ee 


is exact. If the sheaves L° are acyclic (fine) the resolution is said to be acyclic (fine). 
LEMMA 3.12. If0 > F — L° is a resolution, the morphism ix: F(X) — L°(X) is 
injective. 
ProoF. Let Q be the quotient £°/F. Then the sequence of sheaves 
O37 Se S00 S0 


is exact. By Exercise 3.7, the sequence of abelian groups 


0 > F(X) > L°(X) = Q(X) 


is exact. This implies the claim. 


However the sequence of abelian groups 
0— £9(X) ws LES ame, 
is not exact. We shall consider its cohomology H*(£°(X),d). By the previous Lemma 
we have H9(L°(X),d) ~ H°(X, F). 


THEOREM 3.13. If 0 — F — L° is an acyclic resolution there is an isomorphism 
H*(X,F) ~ H*(L°(X),d) for all k > 0. 
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PRooF. Define Q* = ker dy: L* — L*t+!. The resolution may be split into 


On-— F dome > oO! >O0, OO” 6" SOF 5). k>1 


Since the sheaves L* are acyclic by taking the long exact sequences of cohomology we 
obtain a chain of isomorphisms 


= Z Hox, O*) 
k ~N k-1 1 Moe NY 1 k-1 Ce : 
LOGE 2 Re eer Oe) a H9(X, £LE-1) 


By Exercise 3.7 H°(X, Q*) = Q*(X) is the kernel of d,: £*(X) — L*** so that the 


claim is proved. 


CoROLLARY 3.14. (de Rham theorem.) Let X be a differentiable manifold. For all 
k > 0 the cohomology groups Hf p(X) and H*(X,R) are isomorphic. 


ProoF. Let n = dim X. The sequence 


(3.5) 0—R Oe eae Lanerre > OK 0 


(where 05, = C%) is exact (this is Poincaré’s lemma). Moreover the sheaves Q% are 
modules over the fine sheaf of rings CY, hence are acyclic. The claim then follows for 


the previous theorem. 


COROLLARY 3.15. Let U be a subset of a differentiable manifold X which is diffeo- 
morphic to R". Then H*(U,R) =0 for k > 0. 


2.5. Soft sheaves. For later use we also introduce and study the notion of soft 
sheaf. However, we do not give the proofs of most claims, for which the reader is referred 
to [2, 5, 22]. The contents of this subsection will only be used in Section 4.5. 


DEFINITION 3.16. Let F be a sheaf a on a topological space X, and let U C X be 
a closed subset of X. The space F(U) (called “the space of sections of F over U”) is 
defined as 


F(U) = lim F(V) 
VoU 
where the direct limit is taken over all open neighbourhoods V of U. 


A consequence of this definition is the existence of a natural restriction morphism 
F(X) — F(U). 


DEFINITION 3.17. A sheaf F is said to be soft if for every closed subset U C X the 
restriction morphism F(X) — F(U) is surjective. 


PROPOSITION 3.18. If0 — F’ = F — F" = 0 is an exact sequence of soft sheaves 


on a paracompact space X, for every open subset U C X the sequence of groups 
0— F'(U) — FU) — F"(U) — 0 


as exact. 
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PROOF. One can e.g. adapt the proof of Proposition II.1.1 in [2]. 


COROLLARY 3.19. The quotient of two soft sheaves on a paracompact space is soft. 


PROPOSITION 3.20. Any soft sheaf of rings R on a paracompact space is fine. 


Proor. Cf. Lemma II.3.4 in [2]. 


PROPOSITION 3.21. Every sheaf F on a paracompact space admits soft resolutions. 


Proor. Let S°(F) be the sheaf of discontinuous sections of F (i.e., the sheaf of 
all sections of the sheaf space #). The sheaf S°(F) is obviously soft. Now we have an 
exact sequence 0 > F — S°(F) — F, — 0. The sheaf F; is not soft in general, but it 
may embedded into the soft sheaf S°(F,), and we have an exact sequence 0 — F, > 


S°(F,) + Fe — 0. Upon iteration we have exact sequences 
0 Fy, 2 S*(F) PEs Fig 30 
where S*(F) = S°(F;,). One can check that the sequence of sheaves 


03 F 38 (F) slr) 4. 


(where f, = tp41 © Pe) is exact. 


PROPOSITION 3.22. If F is a sheaf on a paracompact space, the sheaf S°(F) is 


acyclic. 


PROOF. The endomorphism sheaf End(S°(F)) is soft, hence fine by Proposition 
3.20. Since S°(F) is an End(S°(F))-module, it is acyclic.® 


PROPOSITION 3.23. On a paracompact space soft sheaves are acyclic. 


Proor. If F is a soft sheaf, the sequence 0 — F(X) — S°F(X) — F(X) — 0 
obtained from 0 — F — S°F — F, — 0 is exact (Proposition 3.18). Since F and 
S°F are soft, so is F, by Corollary 3.19, and the sequence 0 > Fi(X) — S'F(X) — 
F(X) — 0 is also exact. With this procedure we can show that the complex S*(F)(X) 


is exact. But since all sheaves S*(F) are acyclic by the previous Proposition, by the 


abstract de Rham theorem the claim is proved. 


Note that in this way we have shown that for any sheaf F on a paracompact space 


there is a canonical soft resolution. 


6We are cheating a little bit, since the sheaf of rings End(S°(F)) is not commutative. However a 


closer inspection of the proof would show that it works anyways. 
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2.6. Leray’s theorem for Cech cohomology. If an open cover S{ of a topolo- 
gical space X is suitably chosen, the Cech cohomologies H*(i,F) and H*(X,F) are 
isomorphic. Leray’s theorem establishes a sufficient condition for such an isomorphism 
to hold. Since the cohomology H*(U,F) is in generally much easier to compute, this 
turns out to be a very useful tool in the computation of Cech cohomology groups. 


We say that an open cover U = {U;}ic7 of a topological space X is acyclic for a sheaf 
F if Bis Go) = 0 for all k > 0 and all nonvoid intersections Uig...i,, = Vig > -NUi,; 
io ...tp EL. 


THEOREM 3.24. (Leray’s theorem) Let F be a sheaf on a paracompact space X, and 


let UL be an open cover of X which is acyclic for F and is indexed by an ordered set. 
Then, for all k > 0, the cohomology groups H*(M, F) and H*(X,F) are isomorphic. 


To prove this theorem we need to construct the so-called Cech sheaf complex. For 
every nonvoid intersection Ujy..;, let Jig...ip : Vig...i, — X be the inclusion. For every p 
define the sheaf 

CP(L, Py = II (Fio...ip )* Fig. ip 
in<--<ép 
(every factor ( Tipe Jer | Wig it » 8 the sheaf ¥ first restricted to Uj...;, and the exteded by 
zero to the whole of X). The Cech differential induces sheaf morphisms 6: C?({,F) > 


CP+1({1, F). From the definition, we get isomorphisms 
(3.6) CPM, F)(X) ~ CP(L,F), 


ie., by taking global sections of the Cech sheaf complex we get the Cech cochain group 


complex. Moreover we have: 


LEMMA 3.25. For all p and k, 
HX OUR F |) BU) 


19<0<tp 


We may now prove Leray’s theorem. It is not difficult to prove that the complex 
C*(M, F) is a resolution of F (cf. [2], Prop. II.3.3). Under the hypothesis of Leray’s 
theorem, by Lemma 3.25 this resolution is acyclic. By the abstract de Rham theorem, 
the cohomology of the global sections of the resolution is isomorphic to the cohomology 
of F. But, due to the isomorphisms (3.6), the cohomology of the global sections of the 
resolution is the cohomology H*({, F). 


2.7. Good covers. By means of Leray’s theorem we may reduce the problem of 
computing the Cech cohomology of a differentiable manifold with coefficients in the 
constant sheaf R (which, via de Rham theorem, amounts to computing its de Rham 
cohomology) to the computation of the cohomology of a cover with coefficients in R; 
thus a problem which in principle would need the solution of differential equations on 
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topologically nontrivial manifolds is reduced to a simpler problem which only involves 
the intersection pattern of the open sets of a cover. 


DEFINITION 3.26. A locally finite open cover U of a differentiable manifold is good 
if all nonempty intersections of its members are diffeomorphic to R”. 


Good covers exist on any differentiable manifold (cf. [17]). Due to Corollary 3.15, 
good covers are acyclic for the constant sheaf R. We have therefore 


PROPOSITION 3.27. For any good cover U of a differentiable manifold X one has 
isomorphisms 


H*(U,R) ~ H*(X,R), k>0. 


The cover of Example 3.2 was good, so we computed there the de Rham cohomology 
of the circle S!. 


2.8. Flabby sheaves. Another kind of sheaves which can be introduced is that of 
flabby sheaves (also called “flasque”). A sheaf F on a topological space X is said to 
be flabby if for every open subset U C X the restriction morphism F(X) — F(U) is 
surjective. It is easy to prove that flabby sheaves are soft: if U C X is a closed subset, 
by definition of direct limit, for every s € F(U) there is an open neighbourhood V of 
U and a section s’ € F(V) which restricts to s. Since F is flabby, s’ can be extended 
to the whole of X. So on a paracompact space, flabby sheaves are acyclic, and by the 
abstract de Rham theorem flabby resolution can be used to compute cohomology. We 
should also notice that the canonical soft resolution S*(F) we constructed in Section 
2.5 is flabby, as one can easily check by the definition itself. 


One can further pursue this line and use flabby resolutions (for instance, the canon- 
ical flabby resolution of Section 2.5) to define cohomology. That is, for every sheaf Ff, 
its cohomology is by definition the cohomology of the global sections of its canonical 
flabby resolution (it then turns out that cohomology can be computed with any acyclic 
resolution). This has the advantage of producing a cohomology theory (called sheaf 
cohomology) which is bell-behaved (e.g., it has long exact sequences in cohomology) on 
every topological space, not just on paracompact ones. In this connection the reader 
may refer to [5, 4, 2], or to [20] where a different and more general approach to sheaf 
cohomology (using injective resolutions) is pursued; also the original paper by Grothen- 
dieck [8] can be fruitfully read. It follows from our treatment that on a paracompact 
topological space the sheaf and Cech cohomology coincide, but in general they do not 
(cf. [11], especially the exercise section, for a discussion of the comparison between the 
two cohomologies). 
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2.9. Comparison with other cohomologies. In algebraic topology one attaches 
to a topological space X several cohomologies with coefficients in an abelian group 
G. Loosely speaking, whenever X is paracompact and locally Euclidean, all these 
cohomologies coincide with the Cech cohomology of X with coefficients in the constant 
sheaf G. In particular, we have the following result: 


PROPOSITION 3.28. Let X be a paracompact locally Euclidean topological space, and 
let G be an abelian group. The singular cohomology of X with coefficients in G is 
isomorphic to the Cech cohomology of X with coefficients in the constant sheaf G. 


CHAPTER 4 
Spectral sequences 


Spectral sequences are a powerful tool for computing homology, cohomology and 
homotopy groups. Often they allow one to trade a difficult computation for an easier 
one. Examples that we shall consider are another proof of the Cech-de Rham theorem, 
the Leray spectral sequence, and the Ktinneth theorem. 


Spectral sequences are a difficult topic, basically because the theory is quite intrin- 
cate and the notation is correspondingly cumbersome. Therefore we have chosen what 
seems to us to be the simplest approach, due to Massey [18]. Our treatment basically 
follows [3]. 


1. Filtered complexes 
Let (K,d) be a graded differential module, i-e., 


K=Qkz’", dhs Ker. d=0. 
neZ 


A graded submodule of (K,d) is a graded subgroup K’ Cc K such that dK’ c kK’, ie., 


REBK, ACh. Gk = Kr: 
neZ 


A sequence of nested graded submodules 
K=Kojo>K,i1DK2>D... 


is a filtration of (K,d). We then say that (K,d) is filtered, and associate with it the 
graded complex! 


Gr(K)=@ Kp/Kpn, = Kp = K ifp <0. 
peEZ 


Note that by assumption (since every K,+1 is a graded subgroup of K,) the filtration 
is compatible with the grading, i.e., if we define Ki = K'n Ky, then 


(4.1) Kathy DIP oe S45 
is a filtration of K’, and moreover dK? Cc Kpt!. 


The choice of having kK, = K for p < 0 is due to notational convenience. 
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EXAMPLE 4.1. A double complex is a collection of abelian groups K??%, with p,q > 
0,2 and morphisms 6: K?4 4 KP+14, 59: KP4 = K-44! such that 


617 = 697 =0, 6162 + 696, =0. 
Let (T,d) be the associated total complex: 


T= BD KP, d: T' > T't! defined by d = 6, + 59 
ptq=t 
(note that the definition of d implies d? = 0). Then letting 
= @ 
i2p, q20 


we obtain a filtration of (Td). This satifies T, ~ T for p < 0. The successive quotients 
of the filtration are 


Tp/Tpa = BK. 
qEN 


DEFINITION 4.2. A filtration K, of (K,d) is said to be regular if for every i > 0 
the filtration (4.1) is finite; in other words, for every i there is a number &(i) such that 
K=O for pola), 


For instance, the filtration in Example 4.1 is regular since i = 0 for p > i, and 
indeed 
i—p 
i mt = t-j,j 
T=T1D=QDKr™, 
j=0 


2. The spectral sequence of a filtered complex 
At first we shall not consider the grading. Let K, be a filtration of a differential 


module (K,d), and let 
G=Qk,. 


pez 


The inclusions K,41 — EK, induce a morphism i: G — G (“the shift by the filtering 
degree” ), and one has an exact sequence 


a 


(4.2) 0—-G (G4 5ES0 


2This assumption is made here for simplicity but one could let p,q range over the integers; however 


some of the results we are going to give would be no longer valid. 
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with E ~ Gr(f). The differential d induces differentials in G and E, so that from (4.2) 
one gets an exact triangle in cohomology (cf. Section 1.1) 


(4.3) H(G) 


where & is the connecting morphism. 


Let us now assume that the filtration K has finite length, i.e., Kp = 0 for p greater 
than some @ (called the length of the filtration). 


Since dK, C K> for every p, we may consider the cohomology groups H(K,). The 
morphism 7 induces morphisms i: H(K,+1) ~ H(K,). Define Gj to be the direct sum 
of the terms on the sequence (which is not exact) 


0 — H(Ke) —,H(Kp-1) meting oe 
—, H(Kj) —! , H(K) — > H(K_1) ae hs ; 
ie, Gi = @yez H(Kp) ~ H(G). Next we define G2 as the sum of the terms of the 
sequence 
0 — i(H(Ke))) > tH (Ke-1)) > «.- 
Note that the morphism i(H(41)) — H(Ix) is injective, since it is the inclusion of the 
image of i: H(k,) — H(k) into H(K). This procedure is then iterated: G3 is the sum 
of the terms in the sequence 
0 — i(i(H(Ke)))) > i(@( A (Ke-1))) > ti (Ka) 
and now the morphisms i(i(H(kK2)) — i(H(41)) and i(H(k1)) — H(K) are injective. 
When we reach the step , all the morphisms in the sequence 
0 — i(H(Ky))) — i" (A (Kr-1)) +... 
are injective, so that Geo ~ Ge11, and the procedure stabilizes: G, ~ G,41 for r > +1. 
We define Goo = Ge41; we have 
x= @ f 


peEZ 
where F, = i?(H(K,)), ie., Fp is the image of H(K,) into H(K). The groups F, 
provide a filtration of H(kx), 


(4.4) A(K)=FoD FLD-:-D FD Fi =0. 
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We come now to the construction of the spectral sequence. Recall that since dK, C 
Kp, and E = @, Kp/Kp+1, the differential d acts on E, and one has a cohomology 
group H(EF) wich splits into a direct sum 


H(E) ~ QD A(Kp/Kpu,d). 
pEeZ 


The cohomology group H(£) fits into the exact triangle (4.3), that we rewrite as 


ay 


a we 
Ey 


where E, = H(E). We define d,: E, — EF, by letting d, = 71 0 ki; then d? = 0 since 
the triangle is exact. Let Ey = H(£,,d;) and recall that G2 is the image of G, under 
i: G, — G,. We have morphisms 


(4.5) Gy 


Gy 


ig: Go > Go, , jo: Go > Ep, kg: Eo > Ge 
where 
(i) 22 is induced by 71 by letting t2(71()) = i1(é1(x)) for x € Gi; 


(ii) Jo is induced by J; by letting jo(i1(x@)) = [y1(x)] for x € Gi, where [] denotes 


taking the homology class in Ey = H(F,d1). 
(iii) kg is induced by ky by letting ko({e]) = i1(ki(e)). 


EXERCISE 4.1. Show that the morphisms 72 and kg are well defined, and that the 


triangle 
(4.6) Go = Go 
oa. oe 
Dy) 
is exact. 


We call (4.6) the derived triangle of (4.5). The procedure leading from (4.5) to the 
triangle (4.6) can be iterated, and we get a sequence of exact triangles 


where each group EF, is the cohomology group of the differential module (F;,_1,d;—1), 
with dp_1 = jr—1 © kp_1. 

As we have already noticed, due to the assumption that the filtration K, has finite 
length @, the groups G, stabilize when r > €+ 1, and the morphisms 7,.: G, — G, 
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become injective. Thus all morphisms k,: E,. — G, vanish in that range, which implies 
d, = 0, so that the groups E;, stabilize as well: E,,1 ~ E, for r > @+1. We denote by 
Foo = Eo, the stable value. 


Thus, the sequence 


0 Go nye > Boo 0 
is exact, which implies that E is the associated graded module of the filtration (4.4) 
of H(k): 
Eoo & Fy/Fp41- 
pst 

DEFINITION 4.2. A sequence of differential modules {(E,,d,)} such that H(E,, d,) 
~ E,+,1 is said to be a spectral sequence. If the groups E, eventually become stationary, 
we denote the stationary value by E. If Exo is isomorphic to the associated graded 


module of some filtered group H, we say that the spectral sequence converges to H. 


So what we have seen so far in this section is that if (K,d) is a differential module 
with a filtration of finite length, one can build a spectral sequence which converges to 


REMARK 4.3. It may happen in special cases that the groups E,. stabilize before 
getting the value r= €+1. That happens if and only if d, = 0 for some value r = ro. 
This implies that d, = 0 also for r > ro, and E,41 ~ E, for all r > ro. When this 
happens we say that the spectral sequence degenerates at step ro. 


Now we consider the presence of a grading. 


THEOREM 4.4. Let (K,d) be a graded differential module, and K, a regular filtration. 
There is a spectral sequence {(F,,d,)}, where each E, is graded, which converges to the 
graded group H*(K,d). 


Note that the filtration need not be of finite length: the length (7) of the filtration 
of K°* is finite for every i, but may increase with i. 


PROOF. For every n and p we have d( Kp) Cc oie therefore we have cohomology 

groups H"(Kk,). As a consequence, the groups G', are graded: 
Gre~ Or = Bi (4"(k,)) 
neZ n,pEZ 

and the groups E£, are accordingly graded. We may construct the derived triangles as 
before, but now we should pay attention to the grading: the morphisms 7 and 7 have 
degree zero, but k has degree one (just check the definition: k is basically a connecting 
morphism). 


Fix a natural number n, and let r > (n+ 1) +1; for every p the morphisms 


ie apes 
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are injective, and the morphisms 
ed Dare iba 


are zero. These are the same statements as in the ungraded case. Therefore, as it 
happened in the ungraded case, the groups E/’ become stationary for r big enough. 
Note that G&, = ®pezF;’, where oli = i+) ("+1 .1)), and that the morphism 
too sends Fr’, injectively into Fy) for every n, and there is an exact sequence 


0-G Le Cle » BX 0. 


This implies that E, is the graded module associated with the graded complex H°(K, d). 


The last statement in the proof means that for each n, FY" is a filtration of H"(K, d), 
and EX, ~ Dyez Fo / Fru: 


3. The bidegree and the five-term sequence 


The terms E,. of the spectral sequence are actually bigraded; for instance, since the 


filtration and the degree of K are compatible, we have 


K,/Kp41 ~ B bag Lean ~ B Ae 
qeZ qeZ 


and Eo = E is bigraded by 


Eo= @ Et with $= ER4 = KP+A/KET 
p,qEZ 


Note that the total complex associated with this bidegree yields the gradation of E. 


Let us go to next step. Since d: KPT? — KPT ie, d: ERT — pee, and 
E, = H(E, 4d), if we set 


ER = HER", d) ~ H+4(K,/Kps1) 
we have E; ~ @ 


If we go one step further we can show that 


Pq 
p,qeZ Ey ; 
al 
dye Bet = Es. 


Indeed if « € EP’! ~ H?t4(K,/Kp41) we write x as x = [e| where e € Ke fe so 
that ki(x) = i1(k(e)) € H?*9*1(Ky41) and 

dy (x) = jr(ka(w)) = ju(k(e)) € HP+8* (Kyi /Kpy2) & BPE". 
As a result we have Ey ~ @ ES}? with 


ER4 ~ HP(E%, dy). 


p,qEZ 


The same analysis shows that in general EF, ~ Dr», q€Z Be? ith 


. Pq p+r,g—Trtl 
ON oT a 
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and moreover we have 
DY ~~ TPt+a / petra 
Beek j EF, 4 


The next two Lemmas establish the existence of the morphisms that we shall use to 
introduce the so-called five-term sequence, and will anyway be useful in the following. 


LEMMA 4.1. There are canonical morphisms H1(K) > Ep". 


PROOF. Since Kp, ~ K for p < 0 we have Fy’ ~ H"(Ky) = H"(K) for p < 0, 
hence E&! = 0 for p <0 and EX! ~ F4/Fi ~ H4(K)/F¢, so that there is a surjective 
morphism H4(K) > E&!. 


Note now that a nonzero class in Ev? cannot be a boundary, since then it should 


rqtr—-1 


come from E, = 0. So cohomology classes are cycles. Since cohomology classes 


are elements in E°,, we have inclusions Ev! C Ey’! (E24, is the subgroup of cycles 


in E° 1) This yields an inclusion E24 c E24 for all r. 


Combining the two arguments we obtain morphisms H4(K) > Ey’. 


LEMMA 4.2. Assume that Ky = 0 ifp > n (so, in particular, the filtration is 
regular). Then for every r > 2 there is a morphism BE as H?(K). 


PRooF. The hypothesis of the Lemma implies that E?’? = 0 for q < 0 (indeed, 
FR? — ir(H?*+4(K,)) for r big enough, so that F?*4 = 0 if q < 0 since then K?*' = 0). 
As a consequence, for r > 2 the differential d,: E?° + E?t"'—" maps to zero, i.e., all 
elements in EP? are cycles, and determine cohomology classes in eae This means we 
have a morphism EP ae. pe and composing, morphisms E? 0 Bee. 


Since Fy’ = 0 for p > n we have EPe ~ Fp/Fp., & Fp so that one has an injective 


morphism E%° + H?(K). Composing we have a morphism E®?  H?(K). 


PROPOSITION 4.3. (The five-term sequence). Assume that Ky =0 ifp>n. There 
is an exact sequence 


dz 


0—> EB,” = H1(K) > EQ” » Eo _, HP(K). 


PROOF. The morphisms involved in the sequence in addition to dz have been defined 
in the previous two Lemmas. We shall not prove the exactness of the sequence here, for 


a proof cf. e.g. [5]. 


4. The spectral sequences associated with a double complex 


In this Section we consider a double complex as we have defined in Example 4.1. 
Due to the presence of the bidegree, the result in Theorem 4.4 may be somehow refined. 


We shall use the notation in Example 4.1. The group 


6-@u-@® ® x 


peZ pEeZ n>p, aeN 
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has natural gradation G = ®nezG” given by 


n—p 
(4.7) G@=Or~B@erw 


pEeZ pEZ j=0 


but it also bigraded, with bidegree 


GPd — ere . 
Notice that if we form the total complex ®,,, ;—, G?" we obtain the complex (4.7) back: 
q n—p 
B GPd ~ B B Keta-i.5 = Baris a ee 
prq=n pt+q=n j=0 j=0 


The operators 6;, 62 and d = 6, + 62 act on G: 


OpeGt 3. Gris, eae CL eee CL aaas dd: Gh = Grr. 


We analyze the spectral sequence associated with these data. The first three terms 
are easily described. One has 


PI ~~ P+ /PPTI ~ [PY 
Ep a | i eae 


so that the differential do: E}’ > as coincides with 62: K?4 — K+! and one 
has 


(4.8) EP4 ~ HI(KP®, 69). 


At next step we have dy: EP4 = EPt™ with EP* ~ H?+4(T,/Ty11) and Tp/Tpu1 ~ 
Dicz KP". Hence the differential 


di: HP KP”) Herat KPthn) 
neZ nEZ 


is identified with 6, and 


(4.9) ER ~ HP( ES, 6). 


One should notice that by exchanging the two degrees in K (i.e., considering another 
double complex 'K such that ‘K?% = K4%?), we obtain another spectral sequence, that 
we denote by {’E,, ‘d,}. Both sequences converge to the same graded group, i.e., the 
cohomology of the total complex (but the corresponding filtrations are in general differ- 
ent), and this often provides interesting information. For the second spectral sequence 


we get 


(4.10) (EPP ow HP(K4, 61) 
(4.11) ia oe A BP 05) 
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EXAMPLE 4.1. A simple application of the two spectral sequences associated with 
a double complex provides another proof of the Cech-de Rham theorem, i.e., the iso- 
morphism H*(X,R) ~ Hf, p(X) for a differentiable manifold X. Let & = {U;} be a 
good cover of X, and define the double complex 


KPa = CP(, 0%), 


ie., K% is the complex of Cech cochains of { with coefficients in the sheaf of differential 
q-forms. The first differential 5, is basically the Cech differential 5, while 52 is the 
exterior differential d.2 Actually 5 and d commute rather than anticommute, but this 
is easily settled by defining the action of 6; on K?? as 6; = (—1)%6 (this of course 
leaves the spaces of boundaries and cycles unchanged). We start analyzing the spectral 
sequences from the terms E}. For the first, we have 


Ete KE de II Hh pVio..ip) + 
in<<tp 


Since all U; are contractible we have 


Qn bp 


I 


EP CP (4, R) 
He = 0 forge 70. 
As a consequence we have E}’4 = 0 for q 4 0, while 
E’® ~ HP(C*(i,R),5) = H?(U,R). 
This implies that dj = 0, so that the spectral sequence degenerates at the second step, 
and ER! = 0 for q 4 0 and E&Y ~ H?(U,R). The resulting filtration of H?(T, D) has 
only one nonzero quotient, so that H?(T, D) ~ H?(U,R). 
Let us now consider the second spectral sequence. We have 
"BAY ~ HI(K*?, 6) = H2(C*(u, OP), 5) = HU, 0°). 
Since the sheaves 0? are acyclic, we have 
EP® ~ H°(M,Q?) ~ OP(X) 
ne = Diorgs 0. 
At next step we have therefore ‘E>’? = 0 for q #0, and 
0 r) 
ERY ow HP(O%(X),d)) ~ HE, (X). 


Again the spectral sequence degenerates at the second step, and we have H?(T,D) ~ 
HH?) p(X). Comparing with what we got from the first sequence, we obtain H?, p(X) ~ 
H?({,R). Taking a direct limit on good covers, we obtain H?(X,R) ~ Hip(X). 


3Here a notational conflict arises, so that we shall denote by D the differential of the total complex 
T.. 
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REMARK 4.2. From this example we may get the general result that if at step r, 
with r > 1, we have EP" = 0 for q 4 0 (or for p 0) then the sequence degenerates at 
step r, and E?° ~ H?(T,d) (or Ey! ~ H4(T,d)). 


5. Some applications 


5.1. The spectral sequence of a resolution. In this section we extend Example 
4.1 to a much general situation. Let (£°, f) be a complex of sheaves on a paracompact 
topological space X, and let £ be an open cover of X. We introduce the double complex 
KP-4 = CP(S, £2). We shall denote by H4(L°) the cohomology sheaves of the complex 
L°. These are the sheaves associated with the quotient presheaves 


apr _ Kerf: LAU) > LAU) 
WY) = raf CE) EU) 


The E; term of the first spectral sequence is 
Ef! ~ H4Y(KP*, d9) = H4(CP(u, £*), f)) ~ CPU, HL’). 
The second term of the sequence is 
ER! ~ H?(E?", 1) ~ HP(C*(, HL"), 6) HP, HL) 
where, since X is paracompact, we have replaced the presheaves H® with the corres- 


ponding sheaves H® (possibly replacing the cover { by a suitable refinement). 


For the second spectral sequence we have 
‘ED! ~ HK, 61) ~ H4(C*(U,£?), 51) ~ HPL, £4) 
(3? ~ HPEY", b9) ~ HHL, £9), f). 


Let assume now that £° is a resolution of a sheaf F; then H%(L°) = 0 for q 4 0, 
and H°(L°) ~ F. The first spectral sequence degenerates at the second step, and we 
have E>’? = 0 for q # 0 and Ep® ~ H?(S,F). The second spectral sequence does not 
degenerate, but we may say that it converges to the graded group H*(LU,F) (since the 
same does the first sequence). By taking direct limit over the cover {, we have: 


PROPOSITION 4.1. Given a resolution L° of a sheaf F on a paracompact space X, 
there is a spectral sequence €, whose second term is €57 = H4(H?(X,L°), f), which 


converges to the graded group H®(X,F). 


The canonical filtrations of a double complex always satisfy the hypothesis of Lemma 
4.2. So, considering the first spectral sequence, we obtain morphisms (again taking a 
direct limit) 


AML*(X), f) > HUX,F). 
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In general these are not isomorphisms. The same morphisms could be obtained by 
breaking the exact sequence 0 — F — L° into short exact sequences, taking the asso- 
ciated long exact cohomology sequences and suitably composing the morphisms, as in 
the proof of the abstract de Rham theorem 3.13. 


A further specialization is obtained if the resolution L° is acyclic; then the second 
spectral sequence degenerates at the second step as well, and we get isomorphisms 
H?(X,F) ~ H”?(L°(X), f), i-e., we have another proof of the abstract de Rham theorem 
3.13. 


5.2. The spectral sequence of a fibred space. Let F be a sheaf on a para- 
compact space X and 7: X — Y a continuous map, where Y is a second paracompact 
space. We shall use the fact that every sheaf of abelian groups on space admits flabby 
resolutions (cf. Sections 3.2.5 and 3.2.8). We shall associate a spectral sequence to these 
data. We consider the complex 


(4.12) 0 1F 1.4L f ny pe ae ee 


where (L°, f) is a flabby resolution of F. The morphism 7,.F% — 7,Lo is injective, but 
otherwise the complex (4.12) is no longer exact. However, the sheaves 7,.£° are flabby. 
We denote by R'z,F the cohomology sheaves H"(7,£°).These sheaves are called the 
higher direct images of F. Note that R°1,F ~ 1.F. 


PROPOSITION 4.2. The sheaf R'a,F is isomorphic to the sheaf associated with the 
presheaf P® on Y defined by P*(U) = H*(x71(U),F). 


This implies that the sheaves R'a,F do not depend, up to isomorphism, on the 
choice of the resolution. 


Proor. R*x,F is by definition the sheaf associated with the presheaf 


ker f: L*(n—1(U)) — £L*t1 (a1 (U)) 
Tm f: L71(a-1(U)) > L(a-"(0)) 


Since the restriction of a flabby sheaf to an open subset is flabby, by the abstract de 


U ahs Ou Come (0 he ale 


Rham theorem we have isomorphisms 


H*(£°(n-*(U), f) ~ H*(n*(U), F), 


whence the claim follows. 


Let us consider the double complex C?({,7,£%), where { is a locally finite open 
cover of Y. The two spectral sequences we have previously studied yield at the second 


term 


Bee ~ APG R'r,F) 
(ED! = HHP, mL), f) 
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Since the sheaves 7,£° are soft (hence acyclic) the second spectral sequence degenerates, 
and one has ‘EX! = 0 for p 4 0, and 
(Bod x BOM ~ HY, nL), f) 
fo EIEN A) fy Ce Na) 


Again after taking a direct limit, we have: 


PROPOSITION 4.3. Given a continuous map of paracompact spaces 7: X — Y anda 
sheaf F on X, there is a spectral sequence €, whose second term is €5° = H?(Y, R'n,.F), 
which converges to the graded group H®(X,F). 


We describe without proof the relation between the stalks of the sheaf R’a,F 
at points y € Y and the cohomology groups H*(z~!(y),F); here F is to be con- 
sidered as restricted to 7~1, i.e., more precisely we should write H*(x~!(y), ty 'F) where 
iy: t '(y) + X is the inclusion. Since 


(R'n.F)y = lim(R*t,F)(U) ~ lim H*(n-"(U),F), 
yeU yeU 
while H*(x~!(y), F) is the direct limit of the groups H*(V,F) where V ranges over all 
open neighbourhoods of 7~!(y), there is a natural map 
(4.13) (R'n.F)y > A(x "(y), F). 
This is an isomorphism under some conditions, e.g., if Y is locally compact and 7 is 
proper (cf. [5]). This happens for instance when both X and Y are compact. 


As a simple Corollary to Proposition 4.3 one obtains Leray’s theorem: 


COROLLARY 4.4. If every point y € Y has a system of neighbourhoods whose pre- 
images are acyclic for F, then H*(X,F) ~ H*(Y,mF) for all k > 0. 


PROOF. The hypothesis of the Corollary means that every y € Y has a system of 
neighbourhoods {U} such that H*(x—-!(U),#) = 0 for all k > 0. This implies that 
R'x,F = 0 for k > 0, so that the only nonzero terms in the spectral sequence €2 are 


e° ~ H?(Y,7.F). The sequence degenerates and the claim follows. 


5.3. The Kiinneth theorem. Let X, Y be topological spaces, and G an abelian 
group. We shall denote by the same symbol G the corresponding constant sheaves on 
the spaces X, Y and X x Y. The Kiinneth theorem computes the cohomology groups 
H*(X x Y,G) in terms of the groups H°(X,Z) and H°(Y,G). 


We shall need the following version of the universal coefficient theorem. 


PROPOSITION 4.5. If X is a paracompact topological space and G a torsion-free 
group, then H*(X,G) ~ H*(X,Z) @zG for all k > 0. 


Proor. Cf. [19]. 
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PROPOSITION 4.6. Assume that the groups H*®(Y,G) have no torsion over Z, and 
that X and Y are compact Hausdorff and locally Euclidean. Then, 
H*(X x ¥,@)~ @ H?(X,Z) @ H(Y,G). 
pt+q=k 
Proor. Let 7: X x Y — X be the projection onto the first factor. If U is a 
contractible open set in U, then by the homotopic invariance of the cohomology with 
coefficients in a constant sheaf (which follows e.g. from its isomorphism with singular 
cohomology) we have H*(U x Y,G) ~ H*(Y,G). If V C U, the morphism H*(U x 
Y,G) — H*(V x Y,G) corresponds to the identity of H°(Y,G). Under the present 
hypotheses the morphism (4.13) is an isomorphism. These facts imply that R?7.G is the 
constant sheaf on X with stalk H?(Y,G). The second term of the spectral sequence of 
Proposition 4.3 becomes €5° ~ H?(X, H%(Y,G)). By the universal coefficient theorem, 
since the groups H4(Y, G) have no torsion over Z, we have €5°7 ~ H?(X,Z)®zH4(Y,G). 


Part 2 


Introduction to algebraic geometry 


CHAPTER 5 
Complex manifolds and vector bundles 


In this chapter we give a sketchy introduction to complex manifolds. The reader is 
assumed to be acquainted with the rudiments of the theory of differentiable manifolds. 


1. Basic definitions and examples 


1.1. Holomorphic functions. Let U C C be an open subset. We say that a 
function f: U — C is holomorphic if it is C! and for all x € U its differential Df,: C > 
Cis not only R-linear but also C-linear. If elements in C are written z = x + iy, and 
we set f(z, y) = a(x, y) + i6(a, y), then this condition can be written as 


(5.1) Ar = By, Ay = — Br 


(these are the Cauchy-Riemann conditions). If we use z, Z as variables, the Cauchy- 
Riemann conditions read fz = 0, i.e. the holomorphic functions are the C! function of 
the variable z. Moreover, one can show that holomorphic functions are analytic. 


The same definition can be given for holomorphic functions of several variables. 


DEFINITION 5.1. Two open subsets U, V of C” are said to biholomorphic if there 
exists a bijective holomorphic map f: U — V whose inverse is holomorphic. The map 
f itself is then said to be biholomorphic. 


1.2. Complex manifolds. Complex manifolds are defined as differentiable mani- 
folds, but requiring that the local model is C”, and that the transition functions are 
biholomorphic. 


DEFINITION 5.2. An n-dimensional complex manifold is a second countable Haus- 
dorff topological space X together with an open cover {U;} and maps Wy: U; > C” which 
are homeomorphisms onto their images, and are such that all transition functions 


bio pet: Wi (Ui OU;) > Wi(Ui U5) 
are biholomorphisms. 

EXAMPLE 5.3. (The Riemann sphere) Consider the sphere in R? centered at the 
origin and having radius T and identify the tangent planes at (0,0, 5) and (0,0, —3) with 
C. The stereographic projections give local complex coordinates z ;, 22; the transition 
function z2 = 1/z, is defined in C* = C — {0} and is biholomorphic. 
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1-dimensional complex manifolds are called Riemann surfaces. Compact Riemann 
surfaces play a distinguished role in algebraic geometry; they are all algebraic (i.e. they 
are sets of zeroes of systems of homogeneous polynomials), as we shall see in Chapter 
1: 


EXAMPLE 5.4. (Projective spaces) We define the n-dimensional complex projective 
space as the space of complex lines through the origin of C"*!, ice. 
7 crtl _ {0} 
eC ca 
By standard topological arguments P,, with the quotient topology is a Hausdorff second- 


Pr 


countable space. 


Let x: C"+! — {0} — P,, be the projection, If w = (w®,...,w”) € C"t! we shall 
denote 7(w) = [w®,...,w"]. The numbers (w®,...,w”) are said to be the homogeneous 
coordinates of the point 7(w). If (u®,...,u™) is another set of homogeneous coordinates 
for 7(w), then u’ = Aw’, with \ € C* (i =0,...,n). 

Denote by U; c C"+! the open set where w? # 0, let Uj = a(U,), and define a map 

Wy: U; > C", w([w,...,w"]) = (= ee oS) . 


we’ 


The sets U; cover P,,, the maps y; are homeomorphisms, and their transition functions 


Piows?: (U3) > wi(Ui), 


1 tl. ft n 
“1d z z Zz 1 Zz 
Vio; Cae = (5, ee eee a yy 
T 


j-th argument 
are biholomorphic, so that P,, is a complex manifold (we have assumed that i < 7). The 
map 7 restricted to the unit sphere in C”*! is surjective, so that P,, is compact. The 
previous formula for n = 1 shows that P; is biholomorphic to the Riemann sphere. 


The coordinates defined by the maps 7;, usually denoted (z!,...,2"), are called 
affine or Euclidean coordinates. 


EXAMPLE 5.5. (The general linear complex group). Let 
Min = {k X n matrices with complex entries, k < n} 


Mgn = {matrices in M;,,, of rank k}, ie. 
e 
Men = he. € Myn such that det A; 4 0} 
i=l 
where A;,...,Ag are the k x k minors of A. M7, is a complex manifold of dimension 
kn; Men is an open subset in M;,,,, as its second description shows, so it is a complex 
manifold of dimension kn as well. In particular, the general linear group Gi(n,C) = 
Mises is a complex manifold of dimension n?. Here are some of its relevant subgroups: 
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(i) U(n) ={A€Gl(n,C) such that AAlT = J}; 

(ii) SU(n) ={Ae€U(n) such that det A= 1}; 
these two groups are real (not complex!) manifolds, and dimg U(n) = n?, dimg SU(n) = 
n? —1. 

(iii) the group Gl(k,n;C) formed by invertible complex matrices having a block 


form 


A 0 
a u-(4 1) 


where the matrices A, B, C are k x k, (n—k) x k, and (n—k) x (n—k), respectively. 
Gl(k,n;C) is a complex manifold of dimension k? +n? —nk. Since a matrix of the form 
(5.2) is invertible if and only if A and C are, while B can be any matrix, Gi(k,n;C) is 
biholomorphic to the product manifold Gl(k,C) x Gl(n — k,C) x Mgn. 


1.3. Submanifolds. Given a complex manifold X, a submanifold of X is a pair 
(Y,), where Y is a complex manifold, and 1: Y — X is an injective holomorphic map 
whose jacobian matrix has rank equal to the dimension of Y at any point of Y (of course 
Y can be thought of as a subset of X). 


EXAMPLE 5.6. Gl(k,n;C) is a submanifold of Gl(n,C). 


EXAMPLE 5.7. For any k <n the inclusion of C*t! into C"+! obtained by setting 
to zero the last n — k coordinates in C+! yields a map P;, > Py; the reader may check 
that this realizes P; as a submanifold of Py. 


EXAMPLE 5.8. (Grassmann varieties) Let 
Gin = {space of k-dimensional planes in C”} 


(so Gin = Pn —1). This is the Grassmann variety of k-planes in C”. Given a k-plane, 
the action of Gl(n,C) on it yields another plane (possibly coinciding with the previous 
one). The subgroup of Gl(n,C) which leaves the given k-plane fixed is isomorphic to 
Gl(k,n;C), so that 
Gl(n, C) 

Ghigo oe 
Gl(k,n;C) 
As the reader may check, this representation gives Gz, the structure of a complex 
manifold of dimension k(n—k). Since in the previous reasoning Gl(n, C) can be replaced 
by U(n), and since Gl(k,n;C) NU (n) = U(k) x U(n—k), we also have the representation 

U(n) 
Grn 
kn U(k) x U(n— k) 


showing that G;,, is compact. 
An element in G;,,, singles out (up to a complex factor) a decomposable element in 
ACE 
A= V1 A+++ AUR 
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where the v; are a basis of tangent vectors to the given k-plane. So Gz, imbeds into 
P(A‘C”) = Py, where N = ((7)) — 1 (this is called the Pliicker embedding. If a basis 
{v1,...,Un} is fixed in C”, one has a representation 


n 
A= S- Pisin Vig Nv A Vig 


iy. bp=l 


the numbers P;,_.;, are the Plucker coordinates on the Grassmann variety. 


2. Some properties of complex manifolds 


2.1. Orientation. All complex manifolds are oriented. Consider for simplicity the 
1-dimensional case; the jacobian matrix of a transition function 2’ = f(z) = a(x,y) + 
iB(ax,y) is (by the Cauchy-Riemann conditions) 


Ay Ay Ay Ay 
J —— <r 
Br By Ay Ag 
so that det J = a2 + as > 0, and the manifold is oriented. 
Notice that we may always conjugate the complex structure, considering (e.g. in the 


1 0 
1-dimensional case) the coordinate change z +> Z; in this case we have J = 0 i 


so that the orientation gets reversed. 


2.2. Forms of type (p,q). Let X be an n-dimensional complex manifold; by the 
identification C” ~ R?", and since a biholomorphic map is a C® diffeomorphism, X 
has an underlying structure of 2n-dimensional real manifold. Let TX be the smooth 
tangent bundle (i.e. the collection of all ordinary tangent spaces to X). If (z!,...,2”) is 
a set of local complex coordinates around a point « € X, then the complexified tangent 
space T,X ®@p C admits the basis 


a Ey ae ae 
Ory TN Oet TO Ney ho eR ORE a? 
This yields a decomposition 
TX@C=TXOT"X 


which is intrinsic because X has a complex structure, so that the transition functions 


are holomorphic and do not mix the vectors a with the x. As a consequence one has 
a decomposition 
A'T*X @C= B OP XxX where OPIX = AP(T'X)* @AUT"X)*. 
pt+q=t 
The elements in 2?4X are called differential forms of type (p,q), and can locally be 
written as 


1) = Nig ph niq(Z 2) dz A--- Adz? Adz A-+- A dz%9. 
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The compositions 
Qpthax 
wee 
QP.IX eee Aptatl pt xy 


“— 


Qpatix 
define differential operators 0, 0 such that 


0 =F = 08 + 40 =0 


(notice that the Cauchy-Riemann condition can be written as Of = 0). 


3. Dolbeault cohomology 


Another interesting cohomology theory one can consider is the Dolbeault cohomology 
associated with a complex manifold X. Let (?4 denote the sheaf of forms of type (p, q) 
on X. The Dolbeault (or Cauchy-Riemann) operator 0: N?:-4 — OP-4+! squares to zero. 


Therefore, the pair (Q?**(X), 0) is for any p > 0 a cohomology complex. Its cohomology 
groups are denoted by H mes ), and are called the Dolbeault cohomology groups of X. 
We have for this theory an analogue of the Poincaré Lemma, which is sometimes 


called the 0-Poincaré Lemma (or Dolbeault or Grothendieck Lemma). 


PROPOSITION 5.1. Let A be a polycylinder in C” (that is, the cartesian product of 
disks in C). Then HE"(A) = 0 for q > 1. 


PRooF. Cf. [9]. 


Moreover, the kernel of the morphism 0: 0?:° — QP is the sheaf of holomorphic 
p-forms 2?. Therefore, the Dolbeault complex of sheaves 2?* is a resolution of 2”, 


ie. for all p=0,...,n (where n = dime X) the sheaf sequence 


0 > OP = OP? 2 gpl Oe 2 gpl > 0 


is exact. Moreover, the sheaves 1?7 are fine (they are C$°-modules). Then, exactly as 
one proves the de Rham theorem (Theorem 3.3.14), one obtains the Dolbeault theorem: 


PROPOSITION 5.2. Let X be a complex manifold. For all p,q > 0, the cohomology 
groups HE" (X) and H4(X,Q?) are isomorphic. 


4. Holomorphic vector bundles 


4.1. Basic definitions. Holomorphic vector bundles on a complex manifold X are 
defined in the same way than smooth complex vector bundles, but requiring that all the 


maps involved are holomorphic. 
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DEFINITION 5.1. A complex manifold E is a rank n holomorphic vector bundle on 
X if there are 

(i) an open cover {U,} of X 

(it) a holomorphic map 7: E > X 

(iti) holomorphic maps aq: T~'(Ua) + Ua x C” 
such, that 

(i) m = pr, Wa, where = pr, is the projection onto the first factor of Ua x C"; 

(ii) for all p € UyN Ug, the map 


Pra ob 0 Wa (p,e): C” > C” 


is a linear isomorphism. 


Vector bundles of rank 1 are called line bundles. 
With the data that define a holomorphic vector bundle we may construct holo- 
morphic maps 
Gag: Ua NUg > Gin, C) 
given by 
Gop P) © = pry ao hg (th, 2). 


These maps satisfy the cocycle condition 
Jo8 937 Gya = Id on UgnuUugnu,. 


The collection {Ua, Wa} is a trivialization of E. 


For every x € X, the subset E, = 7~!(x) C E is called the fibre of E over x. By 
means of a trivialization around xz, E, is given the structure of a vector space, which is 
actually independent of the trivialization. 


A morphism between two vector bundles £, F' over X is a holomorphic map f: E — 
F such that for every x € X one has f(F,) C Fy, and such that the resulting map 
fe: Ex — Fy is linear. If f is a biholomorphism, it is said to be an isomorphism of 


vector bundles, and F and F are said to be isomorphic. 


A holomorphic section of E over an open subset U C X is a holomorphic map 
s: U > E such that 70 s = Id. With reference to the notation previously introduced, 
the maps 
S(a)i: Ua — E, S(ayi(£) = w,'(a, e), a re 
where {e;} is the canonical basis of C”, are sections of F over Ug. Let E(Ua) denote 
the set of sections of E over Ug; it is a free module over the ring O(U,,) of holomorphic 
functions on U,, and its subset {8(a)i}i=1,0080 is a basis. On an intersection U,MUg one 


has the relation Z 


Saji = >, (Gaa)ik 8(8)K- 
ae 
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EXERCISE 5.2. Show that two trivializations are equivalent (i.e. describe isomorphic 
bundles) if there exist holomorphic maps Ay: Ua — Gl(n,C) such that 


(5.3) Jag = Ao Gop dg 


EXERCISE 5.3. Show that the rule that to any open subset U C X assigns the 
OS (U)-module of sections of a holomorphic vector bundle E defines a sheaf € (which 
actually is a sheaf of Ox-modules). 


If £ is a holomorphic (or smooth complex) vector bundle, with transition functions 
Jog, then the maps 


(5.4) Jap = Gas 


(where T denotes transposition) define another vector bundle, called the dual vector 
bundle to E, and denoted by E*. Sections of E* can be paired with (or act on) sections 
of E, yielding holomorphic (smooth complex-valued) functions on (open sets of) X. 


EXAMPLE 5.4. The space EF = X x C”, with the projection onto the first factor, is 
obviously a holomorphic vector bundle, called the trivial vector bundle of rank n. We 
shall denote such a bundle by C” (in particular, C denotes the trivial line bundle). A 
holomorphic vector bundle is said to be trivial when it is isomorphic to C”. 


Every holomorphic vector bundle has an obvious structure of smooth complex vector 
bundle. A holomorphic vector bundle may be trivial as a smooth bundle while not being 
trivial as a holomorphic bundle. (In the next sections we shall learn some homological 
techniques that can be used to handle such situations). 


EXAMPLE 5.5. (The tangent and cotangent bundles) If X is a complex manifold, 
the “holomorphic part” T’X of the complexified tangent bundle is a holomorphic vector 
bundle, whose rank equals the complex dimension of X. Given a holomorphic atlas 
for X, the locally defined holomorphic vector fields ser wes ah provide a holomorphic 
trivialization of X, such that the transition functions of T’X are the jacobian matrices 
of the transition functions of X. The dual of T’X is the holomorphic cotangent bundle 
of X. 


EXAMPLE 5.6. (The tautological bundle) Let (w!,...,w"t') be homogeneous co- 
ordinates in P,. If to any p € P, (which is a line in C"+') we associate that line we 
obtain a line bundle, the tautological line bundle L of P,. To be more concrete, let us 
exhibit a trivialization for L and the related transition functions. If {U;} is the standard 
cover of P,, and p € Uj, then w’ can be used to parametrize the points in the line p. So 
if p has homogeneous coordinates (w®,...,w”), we may define y;: m~!(U;) — U; x C 
as ~;(u) = (p,w’) if p = r(u). The transition function is then gi, = w'/w*. The dual 
bundle H = L* acts on L, so that its fibre at p = 7(u), u € C”*! can be regarded as 
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the space of linear functionals on the line Cu = Ly, i.e. as hyperplanes in C"*1. Hence 
H is called the hyperplane bundle. Often L is denoted O(—1), and H is denoted O(1) 
— the reason of this notation will be clear in Chapter 6. 


In the same way one defines a tautological bundle on the Grassmann variety Gxn; 
it has rank k. 


EXERCISE 5.7. Show that that the elements of a basis of the vector space of global 
sections of L can be identified homogeneous coordinates, so that dim H°(P,, L) = n+ 
1. Show that the global sections of H can be identified with the linear polynomials 
in the homogeneous coordinates. Hence, the global sections of H" are homogeneous 


polynomials of order r in the homogeneous coordinates. 


4.2. More constructions. Additional operations that one can perform on vector 
bundles are again easily described in terms of transition functions. 

(1) Given two vector bundles Fy and Fo, of rank r; and re, their direct sum FE, @ E2 
is the vector bundle of rank r; + rg whose transition functions have the block matrix 


G 
(2) 
0 Gag 


(2) We may also define the tensor product E, @ F2, which has rank rjr2 and has 


transition functions qa ge: This means the following: assume that FE, and E2 trivialize 


form 


over the same cover {U,}, a condition we may always meet, and that in the given 
trivializations, E, and E2 have local bases of sections {5(.);} and {t/q),}- Then £; ® E2 
has local bases of sections {5(q); ® t(a)x} and the corresponding transition functions are 


given by 
S(ayi Bt =F ep nlash) St 
(a)i © Ya)k Iag)im\ Jag )kn $(B)m & "(Bn - 
m=1n=1 


In particular the tensor product of line bundles is a line bundle. If LD is a line 
bundle, one writes L” for L ®---® L (n factors). If L is the tautological line bundle 
on a projective space, one often writes L” = O(—n), and similarly H"” = O(n) (notice 
that O(—n)* = O(n)). 

(3) If B is a vector bundle with transition functions gag, we define its determinant 
det E as the line bundle whose transition functions are the functions det gag. The 
determinant bundle of the holomorphic tangent bundle to a complex manifold is called 
the canonical bundle Kk. 


EXERCISE 5.8. Show that the canonical bundle of the projective space P, is iso- 
morphic to O(—n — 1). 


EXAMPLE 5.9. Let 7: C"+! — {0} — P,, be the usual projection, and let (w',..., 
w"*t+) be homogeneous coordinates in P,. The tangent spaces to P,, are generated by 
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the vectors 7 soa, and these are subject to the relation 


n+1 
. 0 
) w’ T— = 0. 
Ow 
t=1 


If @ is a linear functional on C”*! the vector field 


v(w) = &(w) S 


(i is fixed) satisfies v(A w) = Av(w) and therefore descends to P,. One can then define 


a map 


Be HOO) TP, 


n+1 
0 
(o1, pe One) Ke S/ oi(w) awit 


i=l 
(recall that the sections of H can be regarded as linear functionals on the homogeneous 
coordinates). The map F is apparently surjective. Its kernel is generated by the section 
o;(w) =w', i=1,...,n +1; notice that this is the image of the map 


Cafe), Lew aw). 


The morphism H®("+!) — TP,, may be regarded as a sheaf morphism Op, (1)°("+) 
— TP,, the second sheaf being the tangent sheaf of P,, i.e., the sheaf of germs of 
holomorphic vector fields on P,, and one has an exact sequence 


0 — Op, + Op, (1)°"*) — TP, — 0 


called the Euler sequence. 


5. Chern class of line bundles 


5.1. Chern classes of holomorphic line bundles. Let X a complex manifold. 
We define Pic(X) (the Picard group of X) as the set of holomorphic line bundles on X 
modulo isomorphism. The group structure of Pic(X) is induced by the tensor product 
of line bundles L® L’; in particular one has L@ L* ~ C (think of it in terms of transition 
functions — here C denotes the trivial line bundle, whose class [C] is the identity in 
Pic(X)), so that the class [L*] is the inverse in Pic(X) of the class [J]. 


Let O denote the sheaf of holomorphic functions on X, and O* the subsheaf of 
nowhere vanishing holomorphic funtions. If L ~ L’ then the transition functions gag, 
Jug of the two bundles with respect to a cover {U,} of X are 2-cocycles O*, and satisfy 


A 

/ a : ok 

Jag = IJoe— with Aa € OF (Ua), 
B Xe 


so that one has an identification Pic(X) ~ H'(X,O*). The long cohomology sequence 
associated with the exact sequence 


0-Z-—O 
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(where exp f = e?"/) contains the segment 
H1(X, Z) — W(X, 0) — H1(X, 0*) 4 H?(X,Z) — H2(X,0) 
where 6 is the connecting morphism. Given a line bundle L, the element 
c1(L) = 6((L]) € H?(X,Z) 
is the first Chern class! of L. The fact that 5 is a group morphism means that 
a(L@el')=a(L)+a(L’). 


In general, the morphism 6 is neither injective nor surjective, so that 
(i) the first Chern class does not classify the holomorphic line bundles on X; the 
group 
Pic?(X) = ker 6 ~ H'(X,O)/Im H'(X,Z) 
classifies the line bundles having the same first Chern class. 


(ii) not every element in H?(X,Z) is the first Chern class of a holomorphic line 
bundle. 


The image of c; is a subgroup NS(X) of H?(X,Z), called the Néron-Severi group of X. 
EXERCISE 5.1. Show that all line bundles on C” are trivial. 


EXERCISE 5.2. Show that there exist nontrivial holomorphic line bundles which are 


trivial as smooth complex line bundles. 


Notice that when X is compact the sequence 
OA (XZ) S(O) XO 0 


is exact, so that Pic?(X) = H'(X,0)/H'(X,Z). If in addition dim X = 1 we have 
H?(X,O) = 0, so that every element in H?(X, Z) is the first Chern class of a holomorphic 
line bundle.? 


From the definition of connecting morphism we can deduce an explicit formula for 
a Cech cocycle representing c,(L) with respect to the cover {Ua}: 


{c1(L) }apy = a (log gap + log gay + log gra) - 


From this one can easily prove that, if f : X — Y is a holomorphic map, and LF is a line 
bundle on Y, then 


e1(f*L) = fi(er(L)). 


IThis allows us also to define the first Chern class of a vector bundle E of any rank by letting 
ci(E) = C1 (det E). 

2Here we use the fact that if X is a complex manifold of dimension n, then H* (X,O) = 0 for all 
k>n. 
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5.2. Smooth line bundles. The first Chern class can equally well be defined 
for smooth complex line bundles. In this case we consider the sheaf C of complex- 
valued smooth functions on a differentiable manifold X, and the subsheaf C* of nowhere 
vanishing functions of such type. The set of isomorphism classes of smooth complex line 
bundles is identified with the cohomology group H!(X,C*). However now the sheaf C 
is acyclic, so that the obstruction morphism 6 establishes an isomorphism H!(X,C*) ~ 
H?(X,Z). The first Chern class of a line bundle L is again defined as c;(L) = 6({[Z]), 
but now c;(Z) classifies the bundle (i.e. L ~ L’ if and only if c;(L) = c1(L’)). 


EXERCISE 5.3. (A rather pedantic one, to be honest...) Show that if X is a complex 
manifold, and L is a holomorphic line bundle on it, the first Chern classes of D regarded 
as a holomorphic or smooth complex line bundle coincide. (Hint: start from the inclusion 


O —C, write from it a diagram of exact sequences, and take it to cohomology ...) 


6. Chern classes of vector bundles 


In this section we define higher Chern classes for complex vector bundles of any rank. 
Since the Chern classes of a vector bundle will depend only on its smooth structure, we 
may consider a smooth complex vector bundle EF on a differentiable manifold X. We 
are already able to define the first Chern class c;(L) of a line bundle L, and we know 
that c)(L) € H?(X,Z). We proceed in two steps: 

(1) we first define Chern classes of vector bundles that are direct sums of line bundles; 

(2) and then show that by means of an operation called cohomology base change we 
can always reduce the computation of Chern classes to the previous situation. 


Step 1. Let oj, i =1...k, denote the symmetric function of order 7 in k arguments.®. 
Since these functions are polynomials with integer coefficients, they can be regarded as 
functions on the cohomology ring H*(X,Z). In particular, if a1,...,a% are classes in 
H?(X,Z), we have o;(a1,...,a,%) € H*"(X,Z). 

If FE = 11 @---@ Lx, where the L;’s are line bundles, for 1 = 1...k we define the i-th 
Chern class of EF as 


ci (EF) = oi(c1(L1), ee ,c1(Lx)) e H™(X,Z) : 


3The symmetric functions are defined as 


Oi(igs 8 Ee) = SS Lip Ly,- 


1<ji<e<gisn 


Thus, for instance, 


o1(@1,..-,%e) = Xi t-:-+ 2p 
02(@1,...,@e) = 112 +4143 +--+ + UR-12k 
Ok(X1,.--,Lk) = X16 Le. 


As a first reference for symmetric functions see e.g. [21]. 
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We also set co(E) = 1; identifying H°(X,Z) with Z (assuming that X is connected) we 
may think that co(E) € H°(X,Z). 


Step 2 relies on the following result (sometimes called the splitting principle), which 


we do not prove here. 


PROPOSITION 5.1. Let E be a complex vector bundle on a differentiable manifold 
X. There exists a differentiable map f: Y — X, where Y is a differentiable manifold, 
such that 


(1) the pullback bundle f*E is a direct sum of line bundles; 
(2) the morphism f*: H*(X,Z) — H*(Y,Z) is injective; 
(3) the Chern classes c;(f*E) lie in the image of the morphism f*. 


DEFINITION 5.2. The i-th Chern class c;(E) of E is the unique class in H*’(X,Z) 
such that f*(c;(E)) = c(f*E). 


We also define the total Chern class of EF as 
k 
c(E)=) «a(£) € H°(X,Z). 
i=0 


The main property of the Chern classes are the following. 
(1) If two vector bundles on X are isomorphic, their Chern classes coincide. 


(2) Functoriality: if f: Y — X is a differentiable map of differentiable manifolds, 
and F is a complex vector bundle on X, then 


fi(ei(E)) = ei(f*E). 
(3) Whitney product formula: if EF, F are complex vector bundles on X, then 
(E@F)=c(£)Uc(F). 


(4) Normalization: identify the cohomology group H?(P,,Z) with Z by identifying 
the class of the hyperplane H with 1 € Z. Then ci(H) = 1. 

These properties characterize uniquely the Chern classes (cf. e.g. [13]). Notice that, 
in view of the splitting principle, it is enough to prove the properties (1), (2), (3) when 
E and F are line bundles. Then (1) and (2) are already known, and (3) follows from 
elementary properties of the symmetric functions. 


The reader can easily check that all Chern classes (but for co, obviously) of a trivial 
vector bundle vanish. Thus, Chern classes in some sense measure the twisting of a 
bundle. It should be noted that, even in smooth case, Chern classes do not in general 
classify vector bundles, even as smooth bundles (i.e., generally speaking, c(E) = c(F) 
does not imply E ~ F’). However, in some specific instances this may happen. 


EXERCISE 5.3. Prove that for any vector bundle E one has c;(E) = c;(det E). 
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7. Kodaira-Serre duality 


In this section we introduce Kodaira-Serre duality, which will be one of the main 
tools in our study of algebraic curves. To start with a simple situation, let us study 
the analogous result in de Rham theory. Let X be a differentiable manifold. Since the 
exterior product of two closed forms is a closed form, one can define a bilinear map 


Hpp(X) @ Hhp(X) > HDX), = [7] @ w] > [r Ag). 


As we already know, via the Cech-de Rham isomorphism this product can be identified 
with the cup product. If X is compact and oriented, by composition with the map* 


PHBA OR, flel= fw 
x x 
where n = dim X, we obtain a pairing 
Hpr(X)® HpR(X) > R, [7] @ fw] > Sir Aa] 
x 
which is quite easily seen to be nondegenerate. Thus one has an isomorphism 
Hpp(X)* ~ HR (X) 


(this is a form of Poincaré duality). 


If X is an n-dimensional compact complex manifold, in the same way we obtain a 
nondegenerate pairing between Dolbeault cohomology groups 
(5.5) HE (X) ® Ay Pe 4X) — C, 
and a duality 
HE4(X)* ~ Ae Pe 4X). 


EXERCISE 5.1. (1) Let EF be a holomorphic vector bundle on a complex manifold 
X, denote by € the sheaf of its holomorphic sections, and by €°° the sheaf of its smooth 
sections. Show (using a local trivialization and proving that the result is independent 
of the trivialization) that one can define a C-linear sheaf morphism 


(5.6) OnE SO ee™ 
which obeys a Leibniz rule 
On(fs) = fons + Of @s 
forsE€ EM(U), f EeC™?(U). 
(2) Show that Og defines an exact sequence of sheaves 


(5.7) 03 OP GE OP @ Er 22,.9P1 ger 28, PB Opn g er _, 0), 


4This map is well defined because different representatives of [w] differ by an exact form, whose 


integral over X vanishes. 
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Here 9? is the sheaf of holomorphic p-forms. In particular, € = ker(Og: E® > 0°! @ 
oe ). 

(3) By taking global sections in (5.7), and taking coholomology from the resulting (in 
general) non-exact sequence, one defines Dolbeault cohomology groups with coefficients 
in EL, denoted HRYX, E). Use the same argument as in the proof of de Rham’s theorem 


to prove an isomorphism 


(5.8) HP9(X, E) ~ HX, 0? @€). 


By combining the pairing (5.5) with the action of the sections of E* on the sections 
of E we obtain a nondegenerate pairing 


ART (X, E)® TUES TX E*)3C 

and therefore a duality 

ARAX, E)* ~ amas OS, E*). 
Using the isomorphism (5.8) we can express this duality in the form 

APU OO LS! EOS Fee” |i. 

This is the Kodaira-Serre duality. In particular for gq = 0 we get (denoting K = 0" = 
det T*X, the canonical bundle of X) 

AP XE) & A P(X, K @Ee"). 


This is usually called Serre duality. 


8. Connections 


In this section we give the basic definitions and sketch the main properties of con- 
nections. The concept of connection provides the correct notion of differential operator 
to differentiate the sections of a vector bundle. 


8.1. Basic definitions. Let F a complex, in general smooth, vector bundle on a 
differentiable manifold X. We shall denote by € the sheaf of sections of E, and by Q4 
the sheaf of differential 1-forms on X. A connection is a sheaf morphism 

Vi:ESC OLE 
satisfying a Leibniz rule 
V(fs) = fV(s) + df @s 
for every section s of F and every function f on X (or on an open subset). The Leibniz 


rule also shows that V is C-linear. The connection V can be made to act on all sheaves 
OF ® €, thus getting a morphism 


V:0%8 BE 3 OF BE, 
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by letting 
V(w @ 8s) = dw @s+(—1)¥w @ V(s). 

If {U,} is a cover of X over which F trivializes, we may choose on any U, a set 
{sq} of basis sections of E(Uq) (notice that this is a set of r sections, with r = rk E). 
Over these bases the connection V is locally represented by matrix-valued differential 
1-forms Wg: 

V (64) = We ® Sa. 


Every wy is as an r X r matrix of 1-forms. The w,’s are called connection 1-forms. 
a 


EXERCISE 5.1. Prove that if g,g denotes the transition functions of E with respect 
to the chosen local basis sections (i.e., 4 = gag $3), the transformation formula for the 
connection 1-forms is 

-1 -1 
(5.9) Wa = JaBpwe Jag =e dgagp Jog : 


The connection is not a tensorial morphism, but rather satifies a Leibniz rule; as a 
consequence, the transformation properties of the connection 1-forms are inhomogeneous 


and contain an affine term. 


EXERCISE 5.2. Prove that if EF and F' are vector bundles, with connections V,; and 
V2, then the rule 


V(s @t) = Vi(s) @t +8 @ Va(t) 


(minimal coupling) defines a connection on the bundle EF ® F (here s and t are sections 
of E and F, respectively). 


EXERCISE 5.3. Prove that is EF is a vector bundle with a connection V, the rule 
2" (r) sd <78 > Sa VS) 


defines a connection on the dual bundle E* (here 7, s are sections of E* and E, respect- 


ively, and <, > denotes the pairing between sections of E* and E). 


It is an easy exercise, which we leave to the reader, to check that the square of the 
connection 
V2: OF @E — OF BE 


is f-linear, i.e., it satisfies the property 


V*(fs) = fV*(s) 


for every function f on X. In other terms, V? is an endomorphism of the bundle E 
with coefficients in 2-forms, namely, a global section of the bundle 03. ® End(£). It is 
called the curvature of the connection V, and we shall denote it by ©. On local basis 
sections Sq it is represented by the curvature 2-forms ©, defined by 


O(sa) = Og @ Sa. 
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EXERCISE 5.4. Prove that the curvature 2-forms may be expressed in terms of the 
connection 1-forms by the equation (Cartan’s structure equation) 


(5.10) Og = dwg — Wa A We. 
EXERCISE 5.5. Prove that the transformation formula for the curvature 2-forms is 
Oa = Gas Og 956 : 


Due to the tensorial nature of the curvature morphism, the curvature 2-forms obey a 


homogeneous transformation rule, without affine term. 


Since we are able to induce connections on tensor products of vector bundles (and 
also on direct sums, in the obvious way), and on the dual of a bundle, we can induce 
connections on a variety of bundles associated to given vector bundles with connec- 
tions, and thus differentiate their sections. The result of such a differentiation is called 
the covariant differential of the section. In particular, given a vector bundle EF with 
connection V, we may differentiate its curvature as a section of 03, @ End(E). 


PROPOSITION 5.6. (Bianchi identity) The covariant differential of the curvature of 
a connection is zero, VO = 0. 


ProoF. A simple computation shows that locally V® is represented by the matrix- 
valued 3-forms 


dOg +Wa A Oa —- Pa A We - 


By plugging in the structure equation (5.10) we obtain VO = 0. 


8.2. Connections and holomorphic structures. If X is a complex manifold, 
and & a C™ complex vector bundle on it with a connection V, we may split the latter 
into its (1,0) and (0,1) parts, V’ and V”, according to the splitting QL @C = OF Oy: 
Analogously, the curvature splits into its (2,0), (1,1) and (0,2) parts, 


0 =079+ 014 0??. 
Obviously we have 
@2:9 = (vy, ett _ Vv’ S Vv" ae Vv" 6S Vv. E22 = (Wie. 


In particular V” is a morphism 017 @ E > Oa @€. If 9°? = 0, then V” is a 
differential for the complex 0° @ €. The same condition implies that the kernel of the 


map 
(5.11) VES OF BE 


has enough sections to be the sheaf of sections of a holomorphic vector bundle. 
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PROPOSITION 5.7. If @°? = 0, then the C® vector bundle E admits a unique 
holomorphic structure, such that the corresponding sheaf of holomorphic sections is iso- 
morphic to the kernel of the operator (5.11). Moreover, under this isomorphism the 
operator (5.11) concides with the operator dz defined in Exercise 5.1. 


PRooF. Cf. [16], p. 9. 


Conversely, if E’ is a holomophic vector bundle, a connection V on EF is said to be 
compatible with the holomorphic structure of E if V"” = Og. 


8.3. Hermitian bundles. A Hermitian metric h of a complex vector bundle F is 
a global section of E ® E* which when restricted to the fibres yields a Hermitian form 
on them (more informally, it is a smoothly varying assignation of Hermitian structures 
on the fibres of E). On a local basis of sections {s.}, of E, h is represented by matrices 
ha of functions on U, which, when evaluated at any point of U,, are Hermitian and 
positive definite. The local basis is said to be unitary if the corresponding matrix h is 
the identity matrix. 


A pair (Eh) formed by a holomorphic vector bundle with a hermitian metric is 
called a hermitian bundle. A connection V on E is said to be metric with respect to h 


if for every pair s, t of sections of F one has 

dh(s,t) = h(Vs,t) + h(s, Vt). 
In terms of connection forms and matrices representing h this condition reads 
(5.12) dhe = Wa het hey 


where ~ denotes transposition and~ denotes complex conjugation (but no transposition, 
ie., it is not the hermitian conjugation). This equation implies right away that on a 


unitary frame, the connection forms are skew-hermitian matrices. 


PROPOSITION 5.8. Given a hermitian bundle (E,h), there is a unique connection V 
on E which is metric with respect to h and is compatible with the holomorphic structure 
of E. 


PROOF. If we use holomophic local bases of sections, the connection forms are of 
type (1,0). Then equation (5.12) yields 


(5.13) n= Oha hs? 


and this equations shows the uniqueness. As for the existence, one can easily check 
that the connection forms as defined by equation (5.13) satisfy the condition (5.9) and 
therefore define a connection on EF. This is metric w.r.t. h and compatible with the 


holomorphic structure of & by construction. 
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EXAMPLE 5.9. (Chern classes and Maxwell theory) The Chern classes of a complex 
vector bundle F can be calculated in terms of a connection on FE via the so-called Chern- 
Weil representation theorem. Let us discuss a simple situation. Let L be a complex line 
bundle on a smooth 2-dimensional manifold X, endowed with a connection, and let F 
be the curvature of the connection. F can be regarded as a 2-form on X. In this case 
the Chern-Weil theorem states that 
(5.14) a(L)= 5 | F 

2m Ix 
where we regard c(Z) as an integer number via the isomorphism H?(X,Z) ~ Z given 
by integration over X. Notice that the Chern class of F' is independent of the connection 
we have chosen, as it must be. Alternatively, we notice that the complex-valued form F 
is closed (Bianchi identity) and therefore singles out a class [F’] in the complexified de 
Rham group H?,p(X) ®p C ~ H?(X,C); the class 5 [F] is actually real, and one has 
the equality 


e(L) = IF] 


in H?, p(X). If we consider a static spherically symmetric magnetic field in R°, by 
solving the Maxwell equations we find a solution which is singular at the origin. If we 
do not consider the dependence from the radius the vector potential defines a connection 
on a bundle L defined on an S? which is spanned by the angular spherical coordinates. 
The fact that the Chern class of L as given by (5.14) can take only integer values is 
known in physics as the quantization of the Dirac monopole. 


CHAPTER 6 


Divisors 


Divisors are a powerful tool to study complex manifolds. We shall start with the one- 
dimensional case. The notion will be later generalized to higher dimensional manifolds. 


1. Divisors on Riemann surfaces 


Let S be a Riemann surface (a complex manifold of dimension 1). A divisor D on 
S is a locally finite formal linear combinations of points of S with integer coefficients, 


D= So dips, ai Ee Z, PLE S, 


where “locally finite” means that every point p in S has a neighbourhood which contains 
only a finite number of p;’s. If S is compact, this means that the number of points is 
finite. We say that the divisor D is effective if a; > 0 for all i. We shall then write 
D>0. 


The set of all divisors of S forms an abelian group, denoted by Div(S). 


Let f a holomorphic function defined in a neighbourhood of p, and let z be a local 
coordinate around p. There exists a unique nonnegative integer a and a holomorphic 
function h such that 


and h(p) #4 0. We define 
ord, f = a. 


Notice that 
(6.1) ord, fg = ord, f + ordy g. 


If f is a meromorphic function which in a neighbourhood of p can be written as f = g/h, 
with g and h holomorphic, we define 
ord, f = ord, g — ord, h. 
We say that f has a zero of order a at p if ord, f = a > 0 (then f is holomorphic in a 
neighbourhood of p), and that it has a pole of order a if ord, f = —a < 0. 
With each meromorphic function f we may associate the divisor 
(f) = So ordy f - 7; 
pes 
if f = g/h with g and A relatively prime, then (f) = (g) — (A). 
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1.1. Sheaf-theoretic description of divisors. The group of divisors Div can 
be described in sheaf-theoretic terms as follows. Let M* be the sheaf of meromorphic 
functions that are not identically zero. We have an exact sequence 


0 0 + M* + M*/O* 0 


of sheaves of abelian groups (notice that the group structure is multiplicative). 


PROPOSITION 6.1. There is a group isomorphism Div(S) ~ H°(S,M*/O*). 


PROOF. Given a cover LU = {U,} of X, one has a commutative diagram of exact 


sequences 


H°(S, M*/O*) 


C°(u, M*) ——> C%(",.M*t/O*) —— J], H1(Ua,O*) =0 


5| Ay 
C1, O*) —— Cl(u,M*) —— Cl(i,M*/O*) 

where H!(U,,0*) = 0 because Ua ~ C holomorphically (here 5 denotes the Cech 

cohomology operator). This diagram shows that a global section s € H°(S,M*/O*) 

can be represented by a 0-cochain { f, € M*(U,)} € C°(U, M*) subject to the condition 

fa/ fg € O* (Ua Ug), so that ord, f_ does not depend on a, and the quantity ord, s is 

well defined. We set D = 7, ord, s - p. 


Conversely, given D = )° aip;, we may choose an open cover {U,} such that each 
Uq contains at most one p;, and functions gig € O(Uq) such that that gjq has a zero of 
order one at p; if pj € Ug. We set 


fo = [[ 9%. 
a 


Then fa/f3 € O*(Ug Ug), so that {f.} determines a global section of M*/O*. 


The two constructions are one the inverse of the other, so that they establish an 
isomorphism of sets. The fact that this is also a group homomorphism follows from the 


formula (6.1), which holds also for meromorphic functions. 


1.2. Correspondence between divisors and line bundles. Let D € Div(S), 
and let {U,} be an open cover of S with meromorphic functions { f.} which define the 
divisor, according to Proposition 6.1. Then the functions 


ee ; € O*(Ua Up) 
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obviously satisfy the cocycle condition, and define a line bundle, which we denote by [D]. 
The line bundle [D] in independent, up to isomorphism, of the set of functions defining 
D; if {f/} is another set, then ordy, fa = ordp, f’,, so that the functions hy = fo/f%, are 
holomorphic and nowhere vanishing, and 


Gop = fs = fats X gap ee, 
fz fe ha ho 
so that the transition functions Gap define an isomorphic line bundle. 
If D= DY + D® then fy = fS? f by eq. (6.1), so that [DY + D@] = [DO] @ 
[D®)], and one has a homomorphism Div($) — Pic(S). 


We offer now a sheaf-theoretic description of this homomorphism. Let f = {fa} € 
H°(S,M*); let us set fo = ga/ha, with ga,ha € O(Uq) relatively prime. We have 
(f) = (g) — (A), with (g) and (h) effective divisors. The line bundle [(f)] has transition 


functions 


(since f is a Cech cocycle) so that [(f)] = C, ie. [(f)] is the trivial line bundle. 


Conversely, let D be a divisor such that [D] = C; then the transition functions of 
[D] have the form 


Qe . 
Jas = Ba with he € O(a): 
B 


Let {f.} be meromorphic functions which define D, so that one also has gag = =, and 


fo fg _ fia. 


he 9665. i= he’ 
the quotients = therefore determine a global nonzero meromorphic function, namely: 


PROPOSITION 6.2. The line bundle associated with a divisor D is trivial if and only 
if D is the divisor of a global meromorphic function. 


In view of the identifications Div(.$) ~ H°(S,.M*/O*) and Pic($) ~ H1(S,0*) this 
statement is equivalent to the exactness of the sequence 
H°(S,M*) > H®°(S,M*/O*) — H'(S,0*). 
DEFINITION 6.3. Two divisors D, D’ € Div(S) are linearly equivalent if D' = D+(f) 
for some f € H°(S,M). 
Quite evidently, D and D’ are linearly equivalent if and only if [D] ~ [D’], so that 


there is an injective group homomorphism 


Div(S)/{linear equivalence} — Pic(S). 
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1.3. Holomorphic and meromorphic sections of line bundles. If L is a line 
bundle on S, we denote by O(L) the sheaf of its holomorphic sections, and by M(L) the 
sheaf of its meromorphic sections, the latter being defined as M(L) = O(L)@o0M. If L 
has transition functions gqg with respect to a cover {U,} of S, then a global holomorphic 
section s € H°(S,O(L)) of L corresponds to a collection of functions {sq € O(Uq)} 
such that sq = gogsg on Ug Ug. The same holds for meromorphic sections. A first 
consequence of this is that, if s,s’ € H°(S,M(L)), we have 

Sa _ Japs _ $8 


/ 


sh Jap 8g 8, 


on UUs, 


so that the quotient of s and s’ is a well-defined global meromorphic function on S. 
Let s € H°(S,M(L)); we have 
2 = gag € O* (Ua Us) 
so that 
ordy Sq = Ordy 8g for all pe UgnUsz; 


the quantity ord, s is well defined, and we may associate with s the divisor 


(s)= S “ord, $+ Dp. 
pes 
By construction we have [(s)] ~ Z. Obviously, s is holomorphic if and only if (s) is 
effective. 


So we have 


PROPOSITION 6.4. A line bundle L is associated with a divisor D (i.e. L = [D| for 
some D € Div(S)) if and only if it has a global nontrivial meromorphic section. L is the 
line bundle associated with an effective divisor if and only if it has a global nontrivial 
holomorphic section. 


Proor. The “if” part has already been proven. For the “only if” part, let L = [D] 
with D a divisor with local equations fa = 0. Then fa = gag fg, where the functions 
Jog are transition functions for L; the functions fy glue to yield a global meromorphic 
section s of L. If D is effective the functions f, are holomorphic so that s is holomorphic 


as well. 


COROLLARY 6.5. The line bundle [p| trivializes over the cover {U,, U2}, where U, = 
S — {p} and U2 is a neighbourhood of p, biholomorphic to a disc in C. 


PROOF. Since [p] is effective it has a global holomorphic section which vanishes only 


at p, so that [p] is trivial on U;. Of course it is trivial on U2 as well. 


So the same happens for the line bundles [kp], k € Z. 
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For the remainder of this section we assume that S is compact. Let us define the 
degree of a divisor D = )° ajp; as the integer 


deg D = J ° aj. 


For simplicity we shall write O(D) for O([D]). 


CorROLLARY 6.6. If deg D <0, then H°(S,O(D)) = 0. 


If L is a line bundle we denote by f[. g ci(L) the number obtained by integrating over S 
a differential 2-form which via de Rham isomorphism represents! the Cech cohomology 
class ci(L) regarded as an element in H?(S,R). 


PROPOSITION 6.7. For any D € Div(S) one has 


/ a (Dade D: 


Before proving this result we need some preliminaries. We define a hermitian metric 
on a line bundle L as an assignment of a hermitian scalar product in each L, which is 
C@ in p; thus a hermitian metric is a C™ section h of the line bundle L* ® L* such that 
each h(p) is a hermitian scalar product in Ly. In terms of a local trivialization over an 
open cover {U,} a hermitian metric is represented by nonvanishing real functions hg on 
Ug. On UaNUg one has he = |gag|*hg, so that the 2-form 3-00 log ha does not depend 
on a, and defines a global closed 2-form on S$, which we denote by 0. 


LEMMA 6.8. The class of © is the image in H?,p(S) of c1(L). 


PROOF. We need the explicit form of the de Rham correspondence. One has exact 
sequences 


(6.2) CS RSC" 72) 10, OZ =O 2" = 0, 


(Here 9! is the sheaf of smooth real-valued 1-forms.) From the long exact cohomology 
sequences of the second sequence we get 


H°(S,01) — H°(S, Z?) — H}(S,Z1) - 0 
so that the connecting morphism H°(S,27) — H'(S,Z!) induces an isomorphism 
H},p(S) > H1(S,Z'). Since we may write © = s-ddlogha a cocycle representing 
the image of [9] in H1(9, Z') is {0, — 0g}, with 
Iq = ¢Alog ha. 
Notice that 
04 — Og = $0 (log ha — log hg) = 3 dlog gag 
so that d(0q — 6g) = 0. 


lThe reader should check that the integral does not depend on the choice of the representative. 
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If we consider now the first of the sequences (6.2) we obtain from its long cohomology 


exact sequence a segment 

0— H'(S,Z1) — H?(S,R) > 0 
so that the connecting morphism is now an isomorphism. If we apply it to the 1-cocycle 
{9a — 9g} we get the 2-cocycle of R 


Fai 108 Gas + aq log 98 + gaz lO8 Gra = (c1(L))apy- 


PROOF OF PROPOSITION 6.7: Since c, and deg are both group homomorphisms, it is 
enough to consider the case D = [p|. Consider the open cover {U,,U2}, where U; = 
S — {p}, and U2 is a small patch around p. Then 


faw= fo= sim dd log hy 
s Ss 70 J §— B(e) 

where B(e) is the disc |z| < €, with z a local coordinate around p, and z(p) = 0. Since 
00 = 5d(0— O), and assuming that hijuy—B(e) = |z|?, which can always be arranged, we 
have 

1 dz 


fam = 55 lim Olog 22 = x5 
Ss +0 JaB(e) aB(e) * 


al 


having used Stokes’ theorem and the residue theorem (note a change of sign due to a 


reversal of the orientation of OB(e)). 
This result suggests to set 
deg L = i. c1(L) 
Ss 
for all line bundles on S. 


CorROLLary 6.9. If deg L <0, then H°(S,O(L)) =0. 


ProoF. If there is a nonzero s € H°(S,O(L)), then L = [D] with D = (s). Since 
deg D < 0 by the previous Proposition, this contradicts Corollary 6.6. 


COROLLARY 6.10. A global meromorphic function on a compact Riemann surface 
has the same number of zeroes and poles (both counted with their multiplicities). 


ProorF. If f global meromorphic function, we must show that deg(f) = 0. But f 
is a global meromorphic section of the trivial line bundle C, whence 


deg(f) = i e(C) =0. 
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1.4. The fundamental exact sequence of an effective divisor. Let us first 
define for all p € S the sheaf kp as the 1-dimensional skyscraper sheaf concentrated at 
p, namely, the sheaf 


k,(U)=C if peu, k,(U)=0 if p€U. 
ky has stalk C at p and stalk 0 elsewhere. 


Let D = )> a;p; be an effective divisor. Then the line bundle L = [D] has at least 
one section s; this allows one to define a morphism O — O(D) by letting f > f siz for 
every f € O(U). We also define the skyscraper sheaf kp = 5°,(kp,) concentrated on 
Dd. 


PROPOSITION 6.11. The sequence 
(6.3) 0-0 O0(D)- kp 0 


is exact. 


PROOF. We shall actually prove the exactness of the sequence 


(6.4) 0— O(-D) - O-— kp > 0 


from which the previous sequence is obtained by tensoring by O(D).? Notice also that 
kp ®0 O(D) ~ kp because in a neighbourhood of every point p; the sheaf O(D) is 
isomorphic to O. 


The exactness of the sequence (6.4) follows from the fact the any local holomorphic 
function can be represented around p; in the form (Taylor polynomial) 


a;—l 


f(2) = F020) + 2 GF (20) (— 20)" + (2 = 20) 92) 
k=1 


where zo = z(p), and g is a holomorphic function. The term (z — zo)” g(z) is a section 


of O(—D), while the first two terms on the right single out a section of kp. 


The sheaf O(—D) can be regarded as the sheaf of holomorphic functions which at 
p; have a zero of order at least a;. Since O(D) ~ O(—D)*, the O(D) may be identified 
with the sheaf of meromorphic functions which at p; have a pole of order at most aj. 


In particular one may write 


0 > O( 2p) +O > ky BTS — 0 
where T7;S is considered as a skyscraper sheaf concentrated at p (indeed the quantity 
f'(20) determines an element in T'S). 
If F is a holomorphic vector bundle on S, let us denote E(D) = E'® [D]. Then by 
tensoring the exact sequence (6.4) by O(E) we get 
2Here we use the fact that tensoring all elements of an exact sequence by the sheaf of sections of a 


vector bundle preserves exactness. This is quite obvious because by the local triviality of E the stalk of 
O(E) at p is OF, with k the rank of E. 
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0 — O(E(-D)) — O(E) — Ep - 0 


where Ep = ory di is a skyscraper sheaf concentrated on D. 


2. Divisors on higher-dimensional manifolds 
We start with some preparatory material. 


DEFINITION 6.1. An analytic subvariety V of a complex manifold X is a subset of 


X which is locally defined as the zero set of a finite collection of holomorphic functions. 


An analytic subvariety V is said to be reducible if V = Vi UVe with Vi and V2 
properly contained in V. V is said to be irreducible if it is not reducible. 


A point p € V is a smooth point of V if around p the subvariety V is a submanifold, 
namely, it can be written as fi(z',...,z") =... fg(z',..., 2”) = 0 with rank J = k, 
where {z!,...,2"} is a local coordinate system for X around p, and J is the jacobian 
matrix of the functions f,,...f,. The set of smooth points of V is denoted by V*; the 
set V; = V — V* is the singular locus of V. The dimension of V is by definition the 
dimension of V*. 


If dim V = dim X — 1, V will be called an analytic hypersurface. 


PROPOSITION 6.2. Any analytic subvariety V can be expressed around a point p © V 
as the union of a finite number of analytic subvarieties V; which are irreducible around 
p, and are such that V; Z V;. 


ProoFr. This follows from the fact that the stalk O, is a unique factorization domain 
({9] page 12).3 Let us sketch the proof for hypersurfaces. In a neighbourhood of p the 
hypersurface V is given by f = 0. Denoting by the same letter the germ of f in p, 
since O, (where O is the sheaf of holomorphic functions on X) is a unique factorization 


domain we have 


where the f;’s are irreducible in O,, and are defined up to multiplication by invertible 
elements in Op; if V; is the locus of zeroes of fj, then V = U;Vj. Since f; irreducible, V; 


is irreducible as well; since it is not true that f; = gf; for some g € Op which vanishes 


at p, we also have V; ¢ Vj. 
We may now give the general definition of divisor: 


3Let us recall this notion: one says that a ring R is an integral domain if wv = 0 implies that either 
u =0orv=0. An element u € R in an integral domain is said to be irreducible if u = vw implies 
that v or w is a unit; R is a unique factorization domain if any element u can be written as a product 


U=U1-+++...Um, Where the u; are irreducible and unique up to multiplication by units. 
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DEFINITION 6.3. A divisor D on a complex manifold X is a locally finite formal 
linear combination with integer coefficients D = )*\a;V;, where the V;’s are irreducible 


analytic hypersurfaces in X. 


If V Cc X is an analytic irreducible hypersurface, and p € V, we may choose around 
p a coordinate system {w, z7,...,2"} such that V is given around p by w = 0. Given a 
function f defined in a neighbourhood of p, let a be the greatest integer such that 


f(w,z7,...,2") = w* h(w, 27,...,2") 


with h(p) # 0. The function f has the same representation in all nearby points of V, 
so that a is constant on the connected components of V, namely, it is constant on V, 


so that we may define 


ordy f =a. 


With this proviso all the theory previously developed applies to this situation; the 
only definition which no longer applies is that of degree of a line bundle, in that ci (L) 
is still represented by a 2-form, while the quantities that can be integrated on X are 
the 2n-forms if dimc X = n. Proposition 6.7 must now be reformulated as follows. Let 
D =) > aj;V; be a divisor, and let V;* be the smooth locus of V;. We then have: 


PROPOSITION 6.4. For any divisor D € Div(X) and any (2n — 2)-form @ on X, 
a(D)Ao= Sra fo. 
I 2 y 


ProorF. The proof is basically the same as in Proposition 6.7 (cf. [9] page 141). 


3. Linear systems 


In this section we consider a compact complex manifold X of arbitrary dimension. 
Let D = )oa;V; € Div(X), and define |D| as the set of all effective divisors linearly 
equivalent to D. We start by showing that there is an isomorphism 


Ne PH? (X,:O(D)) = |D]. 


We fix a global meromorphic section s9 of [D], and set 


(6.5) s € H°(X,O(D)) (=) +De\|D|; 

0 
one should notice that ordy, (2) > —a; if p; € V; so that (2) + D is indeed effective. 
If s’ = as with a € C* then (2) = (5) so that equation (6.5) does define a map 


80 
PH°(X,O(D)) — |D|. This map is 
(i) injective because if A(s1) = A(s2) then s;/s2 is a global nonvanishing holomorphic 


function, i.e. 5; = @ sg witha € C. 
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(ii) Surjective because if D, € |D| then D; = D+ (f) for a global meromorphic 
function f with ordy,(f) > —a; if pj € Vi. So fso is a global holomorphic section of [D]. 


DEFINITION 6.1. A linear system is the set of divisors corresponding to a linear 
subspace of PH®(X,O(D)). A linear system is said to be complete if it corresponds to 
the whole of PH®(X,O(D)). 


So a linear system is of the form E = {D)}yep,, for some m. The number m is 
called the dimension of £. A one-dimensional linear system is called a pencil, a two- 
dimensional one a net, and a three-dimensional one a web. Since all divisors in a linear 


system have the same degree, one can associate a degree to a linear system. 


REMARK 6.2. If the elements Xo,..., Am are independent in P,, (which means that 
they are images of linearly independent elements in C’*'), and E = {D)}yep,, is a 
linear system, then 

Dy5 M22 VD = () Dy. 
AEPm 
For instance, if m= 1, and D), and D), have local equations f = 0 and g = 0, then D) 
has local equation cof + cig = 0 if A = coAn + 1 A1. So Dy, ND), C Ayer, Dy, which 
implies Dx NY D), — Myer, Dy. 


DEFINITION 6.3. If FE = {Dy} ep,, is a linear system, we define its base locus as 
B(E) = NEP Da- 


EXAMPLE 6.4. If E = {Dy} ep, is a pencil, every p € X — B(E) lies on a unique 
Dy, so that there is a well-defined map X — B(E) — P;. This map is holomorphic. We 
may indeed write a local equation for D) in the form 


(6.6) feng) Page ee”) =0 


where f and f are local defining functions for Do and D, (holomorphic because the 
divisors in E are effective). jf and g do not vanish simultaneously on X — B(£), 
so that they do not vanish separately either. Then the above map is given by \ = 
Sf 2 cee WG ree 


EXAMPLE 6.5. Since H!(P,,O) = H?(P,;,O) = 0, the line bundles on P, are 
classified by H?(P,,Z) ~ Z. Moreover, since cj(H) = 1 under this identification 
(i.e. deg H = 1), all divisors are linearly equivalent to multiples of H; in other terms, 


on P,, the only complete linear system of degree d is |dH|. 


Notice that |H| is base-point free, ie. B(|H|) = 0. 


A fundamental result in the theory of linear systems is the following. 


PROPOSITION 6.6. (Bertini’s theorem) The generic element of a linear system is 


smooth away from the base locus. 
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By this we mean that the set of divisors in a linear system E which have singular 
points outside the base locus form a subvariety of EF of dimension strictly smaller than 
that of E. 


ProoF. If EF is linear system, and D € E has singularities outside B(F), Bertini’s 
theorem would be violated by all pencils containing D. It is therefore sufficient to 
prove the theorem for pencils; in this case genericity means that the divisors having 
singularities out of the base locus are finite in number. 


So let E = {Dy}yep, be a pencil, locally described by eq. (6.6), where the coordinates 
{z1,..., z”} can be defined on an open subset A C X whose image in C” is a polydisc. 
Let p, be a singular point of D) which is not contained in the base locus. We have the 


conditions 


(6.7) Ff (px) + Ag(px) = 9 
Of Of 
Oz Oz 

f (pa), g(pa) A 0. 
We then have \ = —f(p,)/g(py), so that 


(6.8) Oi Gas Gata 


Of _f OF = 0 in 
Oz gg Oz DM 
and 
ae 
(6.9) 5a (Z) = in py. 


Let Y be the locus in A x P; cut out by the conditions (6.7) and (6.8); Y is an analytic 
variety, so the same holds true for its image V in A. Actually V is nothing but the locus 
of all singular points of the divisors D,. Equation (6.9) shows that f/g is constant on 
the connected components of V — B, that is, every connected component of V — B meets 
only one divisor of the pencil. Since the connected components of V — B are finitely 
many by Proposition 6.2, the divisors which have singularities outside B(F) are finite 


in number. 


4. The adjunction formula 


If V is a smooth analytic hypersurface in a complex manifold X, we may relate 
the canonical bundles Ky and Kx. We shall denote by ty: V — X the inclusion; one 
has an injective morphism TV — v},T.X of bundles on V. If we choose around p € V 
a coordinate system (z!,...,2") for X such that z! = 0 locally describes V, then the 


vector field an restricted to V locally generates the quotient sheaf Ny = w¥,T-X/TV, 
z 


so that Ny is the sheaf of sections of a line bundle, which is called the normal bundle 
to V. 
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The dual Ny,, the conormal bundle to V, is the subbundle of 1j,T" X whose sections 
are holomorphic 1-forms which are zero on vectors tangent to V. 

We first prove the isomorphism 
(6.10) Ny ~ wy [-V]. 
We consider the exact sequence of vector bundles on V 

0- Ny - uT*X — T*V 0 

whence we get* 
(6.11) wKkx ~ Ky @ Ny. 


If, relative to an open cover {U,} of X, the divisor V is locally given by functions 
fa € O(Uq), the line bundle [V] has transition functions gag = fa/ fg. The 1-form 
dfalvnu, 18 a section of NM ivaue? which never vanishes because V is smooth. On 
Ug Ug we have 


df = d(gae fa) = dgae fe + Gap Ae = Gap afe 


the last equality holding on VM U,M Ug. This equation shows that the 1-forms dfq 
do not glue to a global section of Ny, but rather to a global section of the line bundle 
Nj, ® 4y,[V], so that this bundle is trivial, and the isomorphism (6.10) holds. 


By combining the formula (6.10) with the isomorphism (6.11) we obtain the adjunc- 
tion formula: 
(6.12) Ky ~ wy (Kx ® [V)). 
Sometimes an additive notation is used, and then the adjunction formula reads 
Ky =Kxy + \V]yv- 
EXAMPLE 6.1. Let V be the divisor cut out from P3 by the quartic equation 
(6.13) wo + wt + we + wz = 0 


where the w;’s are homogeneous coordinates in P3. It is easily shown the V is smooth, 
and it is of course compact: so it is a 2-dimensional compact complex manifold, called 
the Fermat surface. By a nontrivial result, known as Lefschetz hyperplane theorem 
({9] p. 156) one has H1(V,R) = 0, so that H'(V,Oy) = 0. Then the group Pic?(V), 
which classifies the line bundles whose first Chern classes vanishes, is trivial: if a line 
bundle LZ on V is such that c;(L) = 0, then it is trivial, and every line bundle is fully 
classified by its first Chern class. (The same happens on P3, since H'(P3,Op,) = 0). 


4We use the fact that whenever 


0O-E-F-G—0 


is an exact sequence of vector bundles, then det F ~ det EF ® det G, as one can prove by using transition 


functions. 
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We also know that Kp, = Op,(—4H), where H is any hyperplane in P3. Therefore 
uy Kx ~ Oy(—4Hy), where Hy = HN V is a divisor in V. 

Let us compute ci([V])v) = 4j-c1([V]). We use the following fact: if D1, D2, D3 are 
irreducible divisors in P3, then we can move the divisors inside their linear equivalence 
classes in such a way that they intersects at a finite number of points. This number is 
computed by the integral 


[ ella) Aex((Dal) Aex((Da) 


where one considers the Chern classes c;([D;]) as de Rham cohomology classes. If we 
take D,; = V, Do = D3 = H the number of intersection points is 4, because such is the 
degree of the algebraic system formed by the equation (6.13) and by the equations of 
two (different) hyperplanes. Since the class h, where h = ci([H]), generates H?(P3, Z), 
we have c;([V]) = 4h, that is, V ~ 4H. Then [V]\y ~ Ov (4H). 

From the adjunction formula we get Ky ~ C: the canonical bundle of V is trivial. 
Since we also have Hpp(V) = 0, V is an example of a K3 surface. 


CHAPTER 7 
Algebraic curves I 


The main purpose of this chapter is to show that compact Riemann surfaces can be 
imbedded into projective space (i.e. they are algebraic curves), and to study some of 
their basic properties. 


1. The Kodaira embedding 


We start by showing that any compact Riemann surface can be embedded as a 
smooth subvariety in a projective space Py; this is special instance of the so-called 
Kodaira’s embedding theorem. Together with Chow’s Lemma this implies that every 
compact Riemann surface is algebraic. 

We recall that, given two complex manifolds X and Y, we say that (Y,v) is a 
submanifold of X is v is an injective holomorphic map Y — X whose differential 1, : 
TpY — T,yp)X is of maximal rank (given by the dimension of Y) at all p € Y. In other 
terms, 4 maps isomorphically Y onto a smooth subvariety of X. 


PROPOSITION 7.1. Any compact Riemann surface can be realized as a submanifold 
of Px for some N. 


ProoF. Pick up a line bundle L on S such that deg L > deg kK + 2 (choose an 
effective divisor D with enough points, and let L = [D]). By Serre duality we have 


(7.1) H'(S,O(L — 2p)) ~ H°(S, O(L — 2p)" @ K)* =0 


for any p € S, since deg(K — L + 2p) < 0 (here L — 2p = L ® |—2p]). Consider now the 
exact sequence 


0 + O(L — 2p) + O(L) M2? T*S © Ly > 0 


(the morphism d, is Cartan’s differential followed by evaluation at p, while ev, is the 
evaluation of sections at p). Due to (7.1) we get 


0 > H°(S,O(L — 2p)) — H®(S, O(L)) ay T)5 ® Ly > 0 


so that dim |D| > 1. Let N = dim|D|, and let {so,...,5y} be a basis of |D]. If U is an 
open neighbourhood of p, and @: Li — U x Cis a local trivialization of L, the quantity 


(7.2) [0 89,..-.,608n] € Py 
101 
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does not depend on the trivialization ¢; we have therefore established a (holomorphic) 
map tp: S — Py. We must prove that (1) vz is injective, and (2) the differential (vz). 
never vanishes. (1) It is enough to prove that, given any two points p,q € S, there is a 


section s € H°(S,O(L)) such that s(p) 4 As(q) for all A € C*; this in turn implied by 
the surjectivity of the map 


HS, O)) S b6 Ta, st> s(p) + s(q). 


To show this we start from the exact sequence 


C5029 a6) ON), O70 
and note that in coholomology we have 
H°(S,O(L —p—q)) "+ Lp ® Iq + H(S,O(L —p —q)) =0 
since 
H'(S,O(L — p—q)) ~ H°(S,O(L —p—q)* ® K)* =0 
because deg(L — p— q)~! @ K = deg K — deg L +2 <0. 
(2) We shall actually show that the adjoint map (vz)*: T* 


LL 
ive. The cotangent space T;S can be realized as the space of equivalence classes of 


(pyPN — TS is surject- 


holomorphic functions which have the same value at p (e.g; the zero value) and have 
a first-order contact (i.e. they have the same differential at p). Let ¢ be a trivializing 
map for L around p; we must find a section s € H°(S,O(L)) such that ¢o s(p) = 0 
(i.e. s(p) = 0) and (¢0 s)* is surjective at p. This is equivalent to showing that the 
map H°(S,O(L—p)) a TS is surjective, since O(L — p) is the sheaf of holomorphic 
sections of LE vanishing at p. We consider the exact sheaf sequence 


0 > O(L — 2p) + O(L — p) 24 TS — 0; 
by Serre duality, 
H'(S,O(L — 2p))* ~ H°(S,O(-L + 2p + K)) =0 


so that H°(S, O(L — p)) 7s is surjective. 


Given any complex manifold X, one says that a line bundle L on X is very ample 
if the construction (7.2) defines an imbedding of X into PH°(X,O(L)). A line bundle 
L is said to be ample if L” is very ample for some natural n. A sufficient condition for 
a line bundle to be ample may be stated as follows (cf. [9]). 


DEFINITION 7.2. A (1,1) form w on a complex manifold is said to be positive if it 
can be locally written in the form 


w= iwj; dz’ A dz 


This map actually depends on the choice of a basis of |D|; however, different choices correspond 


to an action of the group PGl(N +1,C) on Py and therefore produce isomorphic subvarieties of Py. 
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with w;; a positive definite hermitian matric. 


PROPOSITION 7.3. If the first Chern class of a line bundle L on a complex manifold 


can be represented by a positive 2-form, then L is ample. 


While we have seen that any compact Riemann surface carries plenty of very ample 
line bundles, this in general is not the case: there are indeed complex manifolds which 


cannot be imbedded into any projective space. 


A first consequence of the imbedding theorem expressed by Proposition 7.1 is that 
any line bundle on a compact Riemann surface comes from a divisor, i.e. Div(S) /linear 


equivalence ~ Pic(S). 


PROPOSITION 7.4. If M is a smooth 1-dimensional? analytic submanifold of pro- 
jective space P,, (i.e. M is the imbedding of a compact Riemann surface into P,), and 
L is a line bundle on M, there is a divisor D on M such that L = [D}. 


PROOF. We must find a global meromorphic section of L. Let Hyy be the restriction 
to M of the hyperplane bundle H of P,, and let V be the intersection of M with a 
hyperplane in P,, (so [V] ~ Hy, and since V is effective, Hjy has global holomorphic 
sections). We shall show that for a big enough integer m the line bundle L + mHyy 
(= L ® H%;) has a global holomorphic section s; if t is a holomorphic section of Hy, 
the required meromorphic section of L is s/t™. 


We have an exact sequence 


0 — Om(—Hy) = .Ou — ky -0 


so that after tensoring by L+ mHy, 
(7.3) 0 Oy (L+(m—1)Hy) — Ou (L+mHy) — ky — 0. 


(Here —*— denotes the morphism given by multiplication by s). The associated long 
cohomology exact sequence contains the segment 


H°(M, Oy(L+mHy)) —3 CX — H1(M, Oy(L + (m—1)Hm)) 
where N = deg V. But 
H}(M,Oy(L+ (m—1)Hy)) ~ H°(M, Ky ® O(-L — (m—1)Hy))* =0 


by Serre duality and the vanishing theorem (if m is big enough, deg Ky, ® O(—L — 
(m—1)Hy) <0). Therefore the morphism r in (7.3) is surjective, and H°(M,Oy(L+ 


We shall now proceed to identify compact Riemann surfaces with (smooth) algebraic 
curves. Given a homogeneous polynomial F on C"+! the zero locus of F in P,, is by 
definition the projection to P,, of the zero locus of F in C’t!. 


This result is actually true whatever is the dimension of M, cf. [9]. 


104 7. ALGEBRAIC CURVES I 


DEFINITION 7.5. A (projective) algebraic variety is a subvariety of P, which is the 
zero locus of a finite collection of homogeneous polynomials. We shall say that an 
algebraic variety is smooth if it is so as an analytic subvariety of Py. 


The dimension of an algebraic variety is its dimension as an analytic subvariety of 
P,. A one-dimensional algebraic variety is called an algebraic curve. 


The following fundamental result, called Chow’s lemma, it is not hard to prove; we 
shall anyway omit its proof for the sake of brevity (cf. [9] page 167). 


PROPOSITION 7.6. (Chow’s lemma) Any analytic subvariety of Py, is algebraic. 


EXERCISE 7.7. Use Chow’s lemma to show that H°(P,,H%) — where H is the 
hyperplane line bundle — can be identified with the space of homogeneous polynomials 
of degree d on C"+1, 


Using Chow’s lemma together with the imbedding theorem (Proposition 7.1) we 


obtain 


COROLLARY 7.8. Any compact Riemann surface is a smooth algebraic curve. 


We switch from the terminology “compact Riemann surface” to “algebraic curve”, 


understanding that we shall only consider smooth algebraic curves.® 


We shall usually denote an algebraic curve by the letter C. 


2. Riemann-Roch theorem 


A fundamental result in the study of algebraic curves in the Riemann-Roch theorem. 
Let C be an algebraic curve, and denote by K its canonical bundle.4 We denote g = 
h°(K), and call it the arithmetic genus of C (this number will be shortly identified with 
the topological genus of C). 


PROPOSITION 7.1. (Riemann-Roch theorem) For any line bundle L on C' one has 
Ao(L): = hi (1) = deg b= 9 +1. 


ProorF. If L = C is the trivial line bundle, the result holds obviously (notice that 
H'(C,O)* ~ H°(C,K) by Serre duality). Exploiting the fact that L = [D] for some 
divisor D, it is enough to prove that if the results hold for L = [D], then it also holds 
for L'=[D +p] and L” = [D — p]. 

In the first case we start from the exact sequence 


0 — O(D) — O(D + p) - kp — 0 


3Strictly speaking an algebraic curve consists of more data than a compact Riemann surface S, 
since the former requires an imbedding of S into a projective space, i.e. the choice of an ample line 
bundle. 

4We introduce the following notation: if € is a sheaf of Oc-modules, then h'(€) = dim H‘(C, €). 
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which gives (since H1(C, ky) = 0) 
0 — H°(S,O(D)) > H°(S,O(D + p)) + C > H'(S,O(D)) = H'(S,O(D +p)) + 0 
whence 


ME \=hUNSP DS htb) isd ha gliSsdel! 9 41, 


Analogously for DL”. 


By using the Riemann-Roch theorem and Serre duality we may compute the degree 
of K, obtaining 
deg kK = 2g — 2. 


This is called the Riemann-Hurwitz formula. It allows us to identify g with the to- 
pological genus gtop of C' regarded as a compact oriented 2-dimensional real manifold 
S. To this end we may use the Gauss-Bonnet theorem, which states that the integ- 
ral of the Euler class of the real tangent bundle to S is the Euler characteristic of S, 
x(S) = 2—2gtop. On the other hand the complex structure of C' makes the real tangent 
bundle into a complex holomorphic line bundle, isomorphic to the holomorphic tangent 
bundle TC, and under this identification the Euler class corresponds to the first Chern 
class of TC’. Therefore we get deg K = 2gtop — 2, namely,” 


J = Ytop- 
3. Some general results about algebraic curves 


Let us fix some notations and give some definitions. 


3.1. The degree of a map. Let C’ be an algebraic curve, and w a smooth 2- 
form on C, such that Sow = 1; the de Rham cohomology class [w] may be regarded 
as an element in H?(C,Z), and actually provides a basis of that space, allowing an 
identification H?(C,Z) ~ Z. If f: C’ — C is a nonconstant holomorphic map between 
two algebraic curves, then f#[w] is a nonzero element in H?(C’,Z), and there is a well 
defined integer n such that 

fil] = nl), 


where w’ is a smooth 2-form on C’ such that ia w' = 1. If pe C we have 


dee A) = fat) =f fall) =n f ale) =m, 


so that the map f takes the value p exactly n times, including multiplicities in the sense 
of divisors; we may say that f covers Cn times.® The integer n is called the degree if f. 


This need not be true if the algebraic curve C’ is singular. However the Riemann-Roch theorem is 
still true (provided we know what a line bundle on a singular curve is!) with g the arithmetic genus. 
6Since two holomorphic functions of one variable which agree on a nondiscrete set are identical, 


and since C’ is compact, the number of points in f~'(p) is always finite. 
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3.2. Branch points. Given again a nonconstant holomorphic map f: C’ — C, we 
may find a coordinate z around any gq € C’ and a coordinate w around f(q) such that 
locally f is described as 


(7.4) Wz 


The number r—1 is called the ramification index of f at q (or at p= f(q)), and p= f(q) 
is said to be a branch point if r(p) >1. The branch locus of f is the divisor in C’ 
B= So (r(@)-1)-4 
qeEC’ 
or its image in C’ 
B= YS (r(g)-1)-f(@. 
qeEC’ 
For any p € C' we have 


qe f~'(p) 
deg f*(p) = S> r(q)=n. 
qe f—"(p) 

From these formulae we may draw the following picture. If p € C’ does not lie in 
the branch locus, then exactly n distinct points of C’ are mapped to f(p), which means 
that f: C’/— B'! — C-— B isa covering map.’ It p € C’ is a branch point of ramification 
index r — 1, at p exactly r sheets of the covering join together. 

There is a relation between the canonical divisors of C’ and C and the branch locus. 
Let 7 be a meromorphic 1-form on C’, which can locally be written as 


From (7.4) we get 


so that 
ord, f*7 = ord¢(yy 7 +7 — 1. 
This implies the relation between divisors 
(f'n) = f*(n) + S- (rp) - 1) -p 
pec’ 


On the other hand the divisor (7) is just the canonical divisor of C, so that 
Ko = f*Ko+ B’. 


TA (holomorphic) covering map f: X — Y, with X connected, is a map such that each p € Y has a 
connected neighbourhood U such that f~1(U) = UaUa is the disjoint union of open subsets of X which 


are biholomorphic to U via f. 
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From this formula we may draw an interesting result. By taking degree we get 
deg Kcr = ndeg Kc + S (r(p) — 1); 
pec’ 
by using the Riemann-Hurwitz formula we obtain 
(7.5) g(C") = n(g(C) -1) +143 D0 (r@)- 1). 
pec’ 

EXERCISE 7.1. Prove that if f: C’ — C is nonconstant, then f?: H°(C,Kc) > 
H°(C’, Kcr) is injective. (Hint: a nonzero element w € H°(C, Kc) is a global holo- 
morphic 1-form on C which is different from zero at all points in an open dense subset 


of C. Write an explicit formula for f*w....) 


Both equation (7.5) and the previous Exercise imply 
g(C") = g(C). 


3.3. The genus formula for plane curves. An algebraic curve C is said to be 
plane if it can be imbedded into P2. Its image in P2 is the zero locus of a homogeneous 
polynomial; the degree d of this polynomial is by definition the degree of C. As a 
divisor, C is linearly equivalent to dH (indeed, since Pic(P2) ~ Z, any divisor D on P2 
is linearly equivalent to mH for some m; if D is effective, m is the number of intersection 
points between D and a generic hyperplane in Ps, and this is given by the degree of the 
polynomial cutting D). ° 

We want to show that for smooth plane curves the following relation between genus 
and degree holds: 


(7.6) g(C) = 5(d-1)(d- 2). 


(For singular plane curves this formula must be modified.) We may prove this equa- 
tion by using the adjunction formula: C is imbedded into P2 as a smooth analytic 
hypersurface, so that 

Ko =u" (Kp, + C), 
where u: C — Po. Recalling that Kp, = —3H we then have Kc = (d— 3)c*H. 


8We are actually using here a piece of intersection theory. The fact is that any k-dimensional 
analytic subvariety V of an n-dimensional complex manifold X determines a homology class [V] in the 
homology group H,(X,Z). Assume that X is compact, and let W be an (n — k)-dimensional analytic 
subvariety of X; the homology cap product Hox(X,Z) NM Hon-2n(X,Z) — Z, which is dual to the cup 
product in cohomology, associates the integer number [V] M [W] with the two subvarieties. One may 
pick up different representatives V’ and W’ of [V] and [W] such that V’ and W’ meet transversally, 
i.e. they meet at a finite number of points; then the the number [V]M[W] counts the intersection points 
(cf. [9] page 49). 

In our case the number of intersection points is given by the number of solutions to an algebraic 
system, given by the equation of C in P2 (which has degree d) and the linear equation of a hyperplane. 


For a generic choice of the hyperplane, the number of solutions is d. 
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To carry on the computation, we notice that, as a divisor on C, v*H = CN H, so 
that 


deg u* H = d, 
and 
deg Kc = d(d — 3) = 2g —-2 
whence the formula (7.6). 
EXAMPLE 7.2. Consider the affine curve in C? having equation 
y? = 76-1. 


By writing this equation in homogeneous coordinates one obtain a curve in P2 which 
is a double covering of P; branched at 6 points. By the Riemann-Hurwitz formula we 
may compute the genus, obtaining g = 2. Thus the formula (7.6), which would yield 
g = 10, fails in this case. This happens because the curve is singular at the point at 


infinity. 


3.4. The residue formula. A meromorphic 1-form on an algebraic curve C is a 
meromorphic section of the canonical bundle K. Given a point p € C, and a local 
holomorphic coordinate z such that z(p) = 0, a meromorphic 1-form ¢ is locally written 
around p in the form y = f dz, where f is a meromorphic function. Let a be coefficient 
of the z~! term in the Laurent expansion of f around p, and let B a small disc around 


a= | yp 
OB 


so that the number a does not depend on the representation of y. We call it the residue 


p; by the Cauchy formula we have 


of y at p, and denote it by Res,(y). 


Given a meromorphic 1-form y its polar divisor is D = }°, p;, where the p;’s are the 


points where the local representatives of y have poles of order 1. 


PROPOSITION 7.3. Let D = 5°, p; be the polar divisor of a meromorphic 1-form gy. 
Then 5°, Resp,(y) = 0. 


PROOF. Choose a small disc B; around each point p;. Then 


Des, (y) = | e--f dp =0. 
i OU; B; C-U;B; 
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3.5. The g = 0 case. We shall now show that all algebraic curves of genus zero 
are isomorphic to the Riemann sphere P,. Pick a point p € C; the line bundle [p] is 
trivial on C — {p}, and has a holomorphic section s9 which is nonzero on C — {p} and 
has a simple zero at p (this means of course that (so) = p). On the other hand, since by 
Serre duality h'(O) = h°(K) = 0, by taking the cohomology exact sequence associated 
with the sequence 


0+ O- O(p) > kp 0 
we obtain the existence of a global section s of [p] which does not vanish at p. Of course 
s vanishes at some other point s9. Then the quotient f = s/s 9 is a global meromorphic 
function, with a simple pole at p and a zero at po.” By considering oo as the value of f 
at p, we may think of f as a holomorphic nonconstant map f: C' — P; this map takes 
the value co only once. Suppose that f takes the same value a at two distinct points 
of C’; then then function f — @ has two zeroes and only one simple pole, which is not 
possible. Thus f is injective. The following Lemma implies that f is surjective as well, 


so that it is an isomorphism. 


LEMMA 7.4. Any holomorphic map between compact complex manifolds of the same 
dimension whose Jacobian determinant is not everywhere zero is surjective. 


ProoF. Let f: X — Y be such a map, and let n = dim X = dimY. Let w 
be a volume form on Y; since the Jacobian determinant of f is not everywhere zero, 
and where it is not zero is positive, we have [, f*w > 0. Assume q #4 Im f. Since 
H?"(Y — {q},R) = 0 (prove it by using a Mayer-Vietoris argument), we have w = dn 


on Y — {q}. But then 
[re=f fr=o 
xX ax 


a contradiction. 


%Otherwise one can directly identify the sections of L with meromorphic functions having (only) a 
single pole at p, since such functions can be developed around p in the form 
a 
fe) =" +9(2), 
where g is a holomorphic function. a € C should be indentified with the projection of f onto kp. (Here 


z is a local complex coordinate such that z(p) = 0.) 


CHAPTER 8 
Algebraic curves IIT 


In this chapter we further study the geometry of algebraic curves. Topics covered 
include the Jacobian variety of an algebraic curve, some theory of elliptic curves, and 
the desingularization of nodal plane singular curves (this will involve the introduction 


of the notion of blowup of a complex surface at a point). 


1. The Jacobian variety 


A fundamental tool for the study of an algebraic curve C is its Jacobian variety 
J(C), which we proceed now to define. Let V be an m-dimensional complex vector 
space, and think of it as an abelian group. A lattice A in V is a subgroup of V of the 


form 


2m 
(8.1) A= > NViy GE x} 
4=1 


where {v;}i=1,....2m is a basis of V as a real vector space. The quotient space T = V/A 
has a natural structure of complex manifold, and one of abelian group, and the two 
structures are compatible, i.e. T is a compact abelian complex Lie group. We shall 
call T a complex torus. Notice that by varying the lattice A one gets another complex 
torus which may not be isomorphic to the previous one (the complex structure may be 
different), even though the two tori are obviously diffeomorphic as real manifolds. 


EXAMPLE 8.1. If C is an algebraic curve of genus g, the group Pic®(C), classifying 
the line bundles on C' with vanishing first Chern class, has a structure of complex torus 
of dimension g, since it can be represented as H!(C,O)/H'(C,Z), and H'(C,Z) is a 
lattice in H!(C,O). This is the Jacobian variety of C. In what follows we shall construct 


this variety in a more explicit way. 


Consider now a smooth algebraic curve C of genus g > 1. We shall call abelian 
differentials the global sections of K (i.e. the global holomorphic 1-forms). If w in 
abelian differential, we have dw = 0 and w Aw = 0; this means that w singles out a 
cohomology class [w] in H'(C,C), and that 


(8.2) [enwno. 
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Moreover, since locally w = f(z) dz, we have 
(8.3) if waa>o ee: 
C 


If y is a smooth loop in C, and w € H°(C,K), the number Jw depends only on 
the homology class of y and the cohomology class of w, and expresses the pairing <, > 
between the Poincaré dual spaces Hj(C,C) = Hi(C,Z) ®z C and H'(C,C). 

Pick up a basis {[y1],--- , [Y29] } of the 2g-dimensional free Z-module H1(C,Z), where 
the 7;’s are smooth loops in C, and a basis {w1,...,w,} of H°(C, K). We associate with 
these data the g x 2g matrix 2 whose entries are the numbers 


a= | Wj. 
5 


This is called the period matrix. Its columns 2); are linearly independent over R: if for 


alli=1,...g 
2g 2g 
0= >= | Wy 
j=l jal 8% 


then also pis Aj Te oo; = 0. Since {w;,@;} is a basis for H'(C,C), this implies 
psa Ajlyj] = 0, that is, A; = 0. So the columns of the period matrix generate a 
lattice A in C9. The quotient complex torus J(C) = C9/A is the Jacobian variety of C. 


Define now the intersection matrix Q by letting ae = [93] N [vi] (this is the Z- 
valued “cap” or “intersection” product in homology). Notice that Q is antisymmetric. 
Intrinsically, Q is an element in Homz(H'(C,Z), H,(C,Z)). Since the cup product in 
cohomology is Poincaré dual to the cap product in homology, for any abelian differentials 


w, T we have 
[¥] U [7] =< Q[e], [7] >. 
The relations (8.2), (8.3) can then be written in the form 
QNQH=0, iNgatso 
(here ~ denotes transposition, and t hermitian conjugation). In this form they are called 
Riemann bilinear relations. 


A way to check that the construction of the Jacobi variety does not depend on the 
choices we have made is to restate it invariantly. Integration over cycles defines a map 


i: Hy(C,Z) > H°(C, Ky‘, iw) = fw. 
Y 


This map is injective: if i([y])(w) = 0 for a given y and all w then y is homologous to 
the constant loop. Then we have the representation J(C) = H°(C, K)*/H,(C,Z). 


EXERCISE 8.2. By regarding J(C) as H°(C,K)*/H,(C,Z), show that Serre and 
Poincaré dualities establish an isomorphism J(C) ~ Pic®(C). 
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1.1. The Abel map. After fixing a point po in C and a basis {w,...,wg} in 
H°(C, K) we define a map 


(8.4) ps CIO) 


wo (o fs) 


Actually the value of pu(p) in C% will depend on the choice of the path from po to p; 


by letting 


however, if 6; and 42 are two paths, the oriented sum 6; — 62 will define a cycle in 
homology, the two values will differ by an element in the lattice, and (p) is a well- 
defined point in J(C). 

From (8.4) we may get a group homomorphism 
(8.5) pu: Div(C) > J(C) 
by letting 


w(D) = So ulpi)-— So uy) if =D =o pm — Yow. 
a j 4 j 


All of this depends on the choice of the base point po, note however that if deg D = 0 
then the choice of pop is immaterial. 


PROPOSITION 8.3. (Abel’s theorem) Two divisors D, D’ € Div(C) are linearly equt- 
valent if and only if u(D) = u(D’). 


PROOF. For a proof see [9] page 232. 


COROLLARY 8.4. The Abel map pp: C > J(C) is injective. 


ProoF. If p(p) = u(q) by the previous Proposition p ~ q as divisors, but since 
g(C) > 1 this implies p = q (this follows from considerations analogous to those in 
subsection 7.3.5). 


Abel’s theorem may be stated in a fancier language as follows. Let Divg(C) be 
the subset of Div(C’) formed by the divisors of degree d, and let Pic4(C) be the set of 
line bundles of degree d.! One has a surjective map : = Divg(C) > Pic4(C) whose 
kernel is isomorphic to H°(C,M*)/H°(C,O*). Then y filters through a morphism 
vy: Pic4(C) > J(C), and one has a commutative diagram 


Diva(C) —+ Pict(C)_ ; 


'Notice that Pic4(C) ~ Pic” (C) as sets for all values of d and d’. 
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moreover, the morphism rv is injective (if v(L) = 0, set L = &(D) (i.e. L = [D]); then 
pu(L) = 0, that is, L is trivial). 

We can actually say more about the morphism v, namely, that it is a bijection. It 
is enough to prove that v is surjective for a fixed value of d (cf. previous footnote). 


Let C4 be the d-fold cartesian product of C with itself. The symmetric group Sy of 
order d acts on C7; we call the quotient Sym?(C’) = C4%/S4 the d-fold symmetric product 
of C. Sym4(C) can be identified with the set of effective divisors of C of degree d. The 
map ju defines a map jig: Sym4(C) > J(C). 


Any local coordinate z on C yields a local coordinate system {z!,...,2¢} on C%, 


z'(p1,---,Pa) = 2(pi), 


and the elementary symmetric functions of the coordinates z’ yield a local coordin- 
ate system for Sym?(C). Therefore the latter is a d-dimensional complex manifold. 
Moreover, the holomorphic map 


Ct SA(C); (pi,---, Pa) +> M(p1) + +++ + wpa) 


is Sy-invariant, hence it descends to a map Sym?(C) — J(C), which coincides with jug. 
So the latter is holomorphic. 


EXERCISE 8.5. Prove that Sym4(P,) ~ Py. (Hint: write explicitly a morphism in 
homogeneous coordinates. ) 


The surjectivity of v follows from the following fact, usually called Jacobi inversion 
theorem. 


PROPOSITION 8.6. The map fg: Sym9(C) — J(C) is surjective. 


Proor. Let D = >> p; € Sym9(C), with all the p;’s distinct, and let z’ be a local 
coordinate centred in p;; then {z!,..., 29} is a local coordinate system around D. If D’ 


is near D we have 


U 


(8.6) ie w= of en ee 
zi t'9 ie a ea 


where hj; is the component of w; on dz’. 


Consider now the matrix 


wi (pi) .-- wi(Pg) 
(8.7) Se sate ae 

Wg(p1) ... Wg(Pg) 
We may choose p so that wi(p1) # 0, and then subtracting a suitable multiple of w 
from w,...,Wg we may arrange that w2(p;) = --- = w_(p1) = 0. We next choose pz so 
that w2(p2) ~ 0, and arrange that w3(p2) = --- = wg(p3) = 0, and so on. In this way the 


matrix (8.7) is upper triangular. With these choices of the abelian differentials w; and of 
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the points p; the Jacobian matrix {hj;} is upper triangular as well, and since w;(p;) 4 0, 
its diagonal elements h;; are nonzero at D, so that at the point D corresponding to our 
choices the Jacobian determinant is nonzero. This means that the determinant is not 


everywhere zero, and by Lemma 7.4 one concludes. 


PROPOSITION 8.7. The map [lg is generically one-to-one. 


Proor. Let u € J(C), and choose a divisor D € ig Ca) By Abel’s theorem the 
fibre Bi a) is formed by all effective divisors linearly equivalent to D, hence it is a 
projective space. But since dim J(C) = dimSym“(C) the fibre of jug is generically 


0-dimensional, so that generically it is a point. 


This means that jtg establishes a biholomorphic correspondence between a dense 
subset of Sym“(C) and a dense subset of J(C); such maps are called birational. 


COROLLARY 8.8. Every divisor of degree > g on an algebraic curve of genus g is 
linearly equivalent to an effective divisor. 


PRooF. Let D € Divg(C) with d > g. We may write D = D’+ D” with deg D! = g 
and D” > 0. By mapping D’ to J(C) by Abel’s map and taking a counterimage in 
Sym!(C) we obtain an effective divisor EF linearly equivalent to D’. Then E + D” is 


effective and linearly equivalent to D. 


COROLLARY 8.9. Every elliptic smooth algebraic curve (i.e. every smooth algebraic 
curve of genus 1) is of the form C/A for some lattice A C C. 


PrROooF. We have J(C) = C/A, and the map 1; concides with p, 


up) = [ve 


By Abel’s theorem, p(p) = u(q) if and only if there is on C a meromorphic function 
f such that (f) = p—q; but on C there are no meromorphic functions with a single 
pole, so that yz is injective. ju is also surjective by Lemma 7.4 (this is a particular case 


of Jacobi inversion theorem), hence it is bijective. 


COROLLARY 8.10. The canonical bundle of any elliptic curve is trivial. 


PRooF. We represent an elliptic curve Cas a quotient C/A. The (trivial) tangent 
bundle to C is invariant under the action of A, therefore the tangent bundle to C is 


trivial as well. 


Another consequence is that if C is an elliptic algebraic curve and one chooses a 
point p € C, the curve has a structure of abelian group, with p playing the role of the 
identity element. 
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1.2. Jacobian varieties are algebraic. According to our previous discussion, any 
1-dimensional complex torus is algebraic. This is no longer true for higher dimensional 
tori. However, the Jacobian variety of an algebraic curve is always algebraic. 


Let A be a lattice in C”. Any point in the lattice singles out univoquely a cell in the 
lattice, and two opposite sides of the cell determine after identification a closed smooth 
loop in the quotient torus T = C"/A. This provides an identification A ~ H,(T,Z). 


Let now € be a skew-symmetric Z-bilinear form on H,(T,Z). Since Homz(A?H;1(T, 
Z),Z) ~ H?(T,Z) canonically (check this isomorphism as an exercise), € may be re- 
garded as a smooth complex-valued differential 2-form on T. 


PROPOSITION 8.11. The 2-form € which on the basis {e;} is represented by the 
intersection matrix Q~' is a positive (1,1) form. 


Proor. If {e;, 7 = 1...2n} are the real basis vectors in C” generating the lattice, 
they can be regarded as basis in H)(T,Z). They also generate 2n real vector fields on 
T (after identifying C” with its tangent space at 0 the e; yield tangent vectors to T at 
the point corresponding to 0; by transporting them in all points of T by left transport 
one gets 2n vector fields, which we still denote by e;). Let {z!,...,2"} be the natural 
local complex coordinates in T; the period matrix may be described as 


04; =| dz’. 
a) 


After writing € on the basis {dz’, dz/} one can check that the stated properties of € are 
2 


equivalent to the Riemann bilinear relations. 


There exists on J(C) a (in principle smooth) line bundle LZ whose first Chern class 
is the cohomology class of €. This line bundle has a connection whose curvature is 
(cohomologous to) ane ; since this form is of type (1,1), Z may be given a holomorphic 
structure. With this structure, it is ample by Proposition 7.3.? This defines a projective 
imbedding of J(C), so that the latter is algebraic. 


2. Elliptic curves 


Consider the curve C’ in C? given by an equation 
(8.8) y’ = P(a), 


So we are not only proving that the Jacobian variety of an algebraic curve is algebraic, but, more 
generally, that any complex torus satisfying the Riemann bilinear relations is algebraic. 

3We are using the fact that if a smooth complex vector bundle EF on a complex manifold X has a 
connection whose curvature has no (0,2) part, then the complex structure of X can be “lifted” to E. 
Cf. [17]. Otherwise, we may use the fact that the image of the map c: in H?(J(C),Z) (the Néron-Severi 
group of J(C), cf. subsection 5.5.1) may be represented as H?(J(C),Z)M H*'(J(C),Z), i.e., as the 
group of integral 2-classes that are of Hodge type (1,1). The class of € is clearly of this type. 
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where 2, y are the standard coordinates in C?, and P(x) is a polynomial of degree 3. 
By writing the equation (8.8) in homogeneous coordinates, C’ may be completed to an 
algebraic curve C' imbedded in Pz — a cubic curve in Pg. Let us assume that C is 


smooth. By the genus formula we see that C is an elliptic curve. 


EXERCISE 8.1. Show that w = dx/y is a nowhere vanishing abelian differential on 
C. After proving that all elliptic curves may be written in the form (8.8), this provides 
another proof of the triviality of the canonical bundle of an elliptic curve. (Hint: around 
each branch point, z = \/ P(x) is a good local coordinate...) 


The equation (8.8) moreover exhibits Cas a cover of P;, which is branched of order 
2 at the points where y = 0 and at the point at infinity. One also checks that the point 
at infinity is a smooth point. We want to show that every smooth elliptic curve can be 


realized in this way. 


So let C be a smooth elliptic curve. If we fix a point p in C and consider the exact 


sequence of sheaves on C'’ 
0 + O(p) + O(2p) + ky 0, 


proceeding as usual (Serre duality and vanishing theorem) one shows that H°(C, O(2p)) 
is nonzero. A nontrivial section f can be regarded as a global meromorphic function 
holomorphic in C — {p}, having a double pole at p. Moreover we fix a nowhere vanishing 
holomorphic 1-form w (which exists because K is trivial). We have 


Res,( fw) =0. 


We realize C' as C/A; these singles out a complex coordinate z on the open subset of C 
corresponding to the fundamental cell of the lattice A. Then we may choose w = dz, 
and f may be chosen in such a way that 


oe 5 LOY. 


On the other hand, the meromorphic function df /w is holomorphic outside p, and has 


a triple pole at p. We may choose constants a, 6, c such that 


Pag ppos = + 0(2). 
Ww z 
The line bundle O(3p) is very ample, i.e., its complete linear system realizes the Kodaira 
imbedding of C into projective space. By Riemann-Roch and the vanishing theorem we 
have h°(3p) = 3, so that C is imbedded into Py. To realize explicitly the imbedding we 
may choose three global sections corresponding to the meromorphic functions 1, f, f. 
We shall see that these are related by a polynomial identity, which then expresses the 


equation cutting out C’ in Po. 
We indeed have, for suitable constants a, G, 7, 
1 a 


s 1 
Fao Oe) f= 
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so that, setting 6 =a-— PB, 
~ x 1 
eae ae a Get 
So the meromorphic function in the left-hand side is holomorphic away from p, and has 


at p a simple pole. Such a function must be constant, otherwise it would provide an 
isomorphism of C' with the Riemann sphere. 


Thus C' may be described as a locus in P2 whose equation in affine coordinates is 
(8.9) y Loyee babe 


for a suitable constant ¢. By a linear transformation on y we may set @ = 0, and then 
by a linear transformation of « we may set the two roots of the polynomial in the right- 
hand side of (8.9) to 0 and 1. So we express the elliptic curve C in the standard form 
(Weierstra8 representation)* 


(8.10) y? = x(x —1)(x—d). 


EXERCISE 8.2. Determine for what values of the parameter A the curve (8.10) is 
smooth. 


We want to elaborate on this construction. Having fixed the complex coordinate 
z, the function f is basically fixed as well. We call it the Weterstrafs P-function. Its 
derivative is P’ = —2f. Notice that P cannot contain terms of odd degree in its Laurent 
expansion, otherwise P(z) — P(—z) would be a nonconstant holomorphic function on 
C’. So 


1 
P(z)= ser az? + bz4 + O(2°) 


Pa)= -5 + 2az + 4bz* + O(2°) 
3a 


(P(z))* = = + t3b+ O(z”) 
(P'(2z))2 =4 “ 16b + O(2) 


for suitable constants a,b. From this we see that P satisfies the condition 
(P’)? — 4P? + 20 a = constant’ 


one usually writes gz for 20a and g3 for the constant in the right-hand side. 


In terms of this representation we may introduce a map 7: M, — C, where M, is 
the set of isomorphism classes of smooth elliptic curves (the moduli space of genus one 


4Bven though the Weierstra8 representation only provides the equation of the affine part of an 
elliptic curve, the latter is nevertheless completely characterized. It is indeed true that any affine plane 
curve can be uniquely extended to a compact curve by adding points at infinity, as one can check by 


elementary considerations. 
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curves) ° 
3 
jo) = JP 
92 — 27 93 
One shows that this map is bijective; in particular My, gets a structure of complex 
manifold. The number j(C) is called the j-invariant of the curve C. We may therefore 
say that the moduli space Mj, is isomorphic to C. ° 


EXERCISE 8.3. Write the j-invariant as a function of the parameter A in equation 
(8.10). Do you think that \ is a good coordinate on the moduli space M,? 


The holomorphic map 
Ww: C— Po, ze [1,P(z), P’(z)] 
imbeds C' into P, as the cubic curve cut out by the polynomial 
F =y? — 42° + gor + 93 


(we use the same affine coordinates as in the previous representation). Since f=d /w 


we have 


and the inverse of ~ is the Abel map,’ 


Pp 
wef ~ mod A 
Po 


having chosen po at the point at infinity, po = v(0) = [0, 0, 1]. 

In terms of this construction we may give an elementary geometric visualization of 
the group law in an elliptic curve. Let us choose po as the identity element in C. We 
shall denote by p the element p € C regarded as a group element (so jp = 0). By Abel’s 
theorem, Proposition 8.3, we have that 


pi tpetp3=O0 if and and only if pj +po+p3 ~ 3p0 


(indeed one may think that p = u(p), and one has p(p; + p2 + p3 — 3 po) = 0). 


Let M(z,y) = mz +ny+q be the equation of the line in P2 through the points 
Pi, p2, and let p4 be the further intersection of this line with C C Po. The function 
M(z) = M(P(z),P'(z)) on C vanishes (of order one) only at the points pj, p2, pa, and 
has a pole at po. This pole must be of order three, so that the divisor of M(z) is 
pi + p2 + pa — 3 po, 1.€; pir + p2 + pa — 3po ~ 0. 


°The fancy coefficient 1728 comes from arithmetic geometry, where the theory is tailored to work 
also for fields of characteristic 2 and 3. 

6By uniformization theory one can also realize this moduli space as a quotient H/SI(2, Z), where H is 
the upper half complex plane. This is not contradictory in that the quotient H/S1(2, Z) is biholomorphic 
to C! (Notice that on the contrary, H and C are not biholomorphic). Cf. [10]. 

7One should bear in mind that we have identified C with a quotient C/A. 
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If pj + po + p3 ~ 3po, then p3 ~ p4, so that p3 = pa, and pj, p2,p3 are collinear. 
Vice versa, if p1,p2,p3 are collinear, p; + p2+p3 —3 po is the divisor of the meromorphic 
function M, so that pj +po+p3—3 po ~ 0. We have therefore shown that p; +p2+p3 = 0 


if and only if p1,p2,p3 are collinear points in Po. 


EXAMPLE 8.4. Let C be an elliptic curve having a Weierstra8 representation y? = 
x® — 1. C is a double cover of P;, branched at the three points 


PL= (1,0), P= (a, 0), P3 = (a”, 0) 


(where a = e2ri/ 3) and at the point at infinity po. The points py, po, p3 are collinear, so 
that pi + po + pg = 0. 

The two points q, = (0,7), qg2 = (0, —i) lie on C. The line through qi, q2 intersects 
C at the point at infinity, as one may check in homogeneous coordinates. So in this case 
the elements 1, 2 are one the inverse of the other, and qi + q2 ~ 2po. More generally, 
if q € C is such that g = —p, then p+q~ 2p, and q is the further intersection of C 


with the line going through p, po; if p = (a,b), then gq = (a,—b). So the branch points 


p;, are 2-torsion elements in the group, 2; = 0. 


3. Nodal curves 


In this section we show how (plane) curve singularities may be resolved by a pro- 
cedure called blowup. 


3.1. Blowup. Blowing up a point in a variety® means replacing the point with all 
possible directions along which one can approach it while moving in the variety. We 
shall at first consider the blowup of C? at the origin; since this space is 2-dimensional, 
the set of all possible directions is a copy of P;. Let x,y be the standard coordinates in 
C?, and wo, w, homogeneous coordinates in P;. The blowup of C? at the origin is the 
subvariety I’ of C? x P; defined by the equation 


rw, — yuo = 0. 


To show that I is a complex manifold we cover C? x P, with two coordinate charts, 
Vo = C? x Up and V; = C? x U;, where Up, U; are the standard affine charts in Py, 
with coordinates (x, y,t° = w1/wo) and (x, y,t! = wo/wi1). T is a smooth hypersurface 
in C? x P,, hence it is a complex surface. On the other hand if we put homogeneous 
coordinates (vg, v1, v2) in C?, then I can be regarded as a open subset of the quadric in 
P, x P; having equation v1 w 1 — v2 wo = 0, so that T is actually algebraic. 


8Our treatment of the blowup of an algebraic variety is basically taken from [1]. 
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Since [is a subset of C? x P, there are two projections 
(8.11) T—+P, 
C2 
which are holomorphic. If p € C? — {0} then o~1(p) is a point (which means that there 
is a unique line through p and 0), so that 


ro 10) 3S C= {0h 


is a biholomorphism.? On the contrary o~!(0) ~ P, is the set of lines through the origin 
mC. 

The fibre of 7 over a point (wo, w1) € Pj is the line x w; — y wp = 0, so that 7 makes 
T into the total space of a line bundle over P;. This bundle trivializes over the cover 
{Uo, Ui}, and the transition function g: Up NU; — C* is g(wo, wi) = wo/wi, so that 
the line bundle is actually the tautological bundle Op, (—1). 

This construction is local in nature and therefore can be applied to any complex 
surface X (two-dimensional complex manifold) at any point p. Let U be a chart around 
p, with complex coordinates (x,y). By repeating the same construction we get a complex 
manifold U’ with projections 


Ua By 


| 

U 
and 

a: U'—o7*(p) > U — {p} 

is a biholomorphism, so that one can replace U by U’ inside X, and get a complex 
manifold X’ with a projection 0: X’ — X which is a biholomorphism outside o~'(p). 
The manifold X’ is the blowup of X at p. The inverse image E = o~!(p) is a divisor 
in X’, called the exceptional divisor, and is isomorphic to P,. The construction of the 
blowup T° shows that X’ is algebraic if X is. 


EXAMPLE 8.1. The blowup of P2 at a point is an algebraic surface X; (an example 
of a Del Pezzo surface); the manifold I, obtained by blowing up C? at the origin, is 


biholomorphic to X; minus a projective line (so Xj is a compactification of T). 


3.2. Transforms of a curve. Let C be a curve in C? containing the origin. We 
denote as before I the blowup of C? at the origin and make reference to the diagram 
(8.11). Notice that the inverse image o~'(C) CT contains the exceptional divisor E, 
and that o~!(C) \ E is isomorphic to C — {0}. 


9So, according to a terminology we have introduce in a previous chapter, the map a is a birational 


morphism. 
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DEFINITION 8.2. The curve a '(C) CT is the total transform of C. The curve 
obtained by taking the topological closure of a~'(C)\ E inT is the strict transform of 
C. 


We want to check what points are added to a~!(C) \ E when taking the topological 
closure. To this end we must understand what are the sequences in C? which converge to 
0 that are lifted by o to convergent sequences. Let {px = (Xz, Ye) ken be a sequence of 
points in C? converging to 0; then o~!(az, yz) is the point (xp, yp, wo, Wi) With a, wi — 
Yr Wo = 0. Assume that for k big enough one has wo 4 0 (otherwise we would assume 
w, # 0 and would make a similar argument). Then w1/wo = yx/xp, and {o~!(px)} 
converges if and only if {y,/x,} has a limit, say h; in that case {a~!(pz)} converges to 
the point (0,0,1,4) of E. This means that the lines rz, joining 0 to pz, approach the 
limit line r having equation y = hk. So a sequence {pz = (xz, yz) } convergent to 0 lifts 
to a convergent sequence in I if and only if the lines rg admit a limit line r; in that 
case, the lifted sequence converges to the point of & representing the line r. 


The strict transform C’ of C meets the exceptional divisor in as many points as 
are the directions along which one can approach 0 on C’, namely, as are the tangents 
at Cat 0. So, if C is smooth at 0, its strict transform meets F at one point. Every 
intersection point must be counted with its multiplicity: if at the point 0 the curve C 
has m coinciding tangents, then the strict transform meets the exceptional divisor at a 


point of multiplicity m. 


DEFINITION 8.3. Let the (affine plane) curve C be given by the equation f(x,y) = 0. 
We say that C' has multiplicity m at 0 if the Taylor expansion of f at 0 starts at degree 
m. 


This means that the curve has m tangents at the point 0 (but some of them might 
coincide). By choosing suitable coordinates one can apply this notion to any point of a 


plane curve. 


EXAMPLE 8.4. A curve is smooth at 0 if and only if its multiplicity at 0 is 1. The 
curves ry = 0, y? = 2? and y? = 2° have multiplicity 2 at 0. The first two have two 


distinct tangents at 0, the third has a double tangent. 


If the curve C' has multiplicity m at 0 than it has m tangents at 0, and its strict 
transform meets the exceptional divisor of [ at m points (notice however that these 
points are all distinct only if the m tangents are distincts). 


DEFINITION 8.5. A singular point of a plane curve C is said to be nodal if at that 


point C has multiplicity 2, and the two tangents to the curve at that point are distinct. 


EXERCISE 8.6. With reference to equation (8.10), determine for what values of 


the curve has a nodal singularity. 
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EXERCISE 8.7. Show that around a nodal singularity a curve is isomorphic to an 
open neighbourhood of the origin of the curve xy = 0 in C?. 


EXAMPLE 8.8. (Blowing up a nodal singularity.) We consider the curve C Cc C? 
having equation x® + x? — y? = 0. This curve has multiplicity 2 at the origin, and its 


two tangents at the origin have equations y = +z. So C has a nodal singularity at the 
origin. We recall that T° is described as the locus 


{(u, v, wo, w1) € C? x Py | uwo = vy}. 
The projection o is described as 


(8.12) aaa xL=vw}/wo 

y= Uwo/w1 y=u 
inT NV, and NW, respectively. By substituting the first of the representations (8.12) 
into the equation of C' we obtain the equation of the restriction of the total transform 
toTnUy,: 

u?(u+1—t?) =0 

where t = wo/w1. u? = 0 is the equation of the exceptional divisor, so that the 
equation of the strict transform is u+1-—t? = 0. By letting u = 0 we obtain the 
points (0,0,1,1) and (0,0,1,—1) as intersection points of the strict transform with the 
exceptional divisor. By substituting the second representation in eq. (8.12) we obtain 
the equation of the total transform in [I'M Uo; the strict transform now has equation 


t?v +t? —1, yielding the same intersection points. 


The total transform is a reducible curve, with two irreducible components which 


meet at two points. 


EXERCISE 8.9. Repeat the previous calculations for the nodal curve zy = 0. In 
particular show that the total transform is a reducible curve, consisting of the excep- 
tional divisor and two more genus zero components, each of which meets the exceptional 


divisor at a point. 


EXAMPLE 8.10. (The cusp) Let C be curve with equation y? = 2°. 


This curve 
has multiplicity 2 at the origin where it has a double tangent.'° Proceeding as in the 
previous example we get the equation vt? = 1 for C’ in TM Vo, so that C’ does not meet 
E in this chart. In the other chart the equation of C’ is t? = u, so that C’ meets E at 
the point (0,0,0,1); we have one intersection point because the two tangents to C at 


the origin coincide. 


The strict transform is an irreducible curve, and the total transform is a reducible 


curve with two components meeting at a (double) point. 


10Indeed this curve can be regarded as the limit for a — 0 of the family of nodal curves 2° +a? x? — 


y’ = 0, which at the origin are tangent to the two lines y = tac. 
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3.3. Normalization of a nodal plane curve. It is clear from the previous ex- 
amples that the strict transform of a plane nodal curve C (i.e., a plane curve with only 
nodal singularities) is again a nodal curve, with one less singular point. Therefore after 
a finite number of blowups we obtain a smooth curve N, together with a birational 
morphism 7: N > C. N is called the normalization of C. 


EXAMPLE 8.11. Let us consider the smooth curve Cp in C? having equation y? = 
x* —1. Projection onto the x-axis makes Cp into a double cover of C, branched at the 


points (+1,0) and (+7,0). The curve Co can be completed to a projective curve simply 
by writing its equation in homogeneous coordinates (wo, wi, W2) and considering it as 
a curve C in Pg; we are thus compactifying Co by adding a point at infinity, which in 
this case is not a branch point. The equation of C’ is 


we ws — wi + we = 0. 


This curve has genus 1 and is singular at infinity (as one could have alredy guessed since 
the genus formula for smooth plane curves does not work); indeed, after introducing 
affine coordinates € = wo/we, 7 = w/w (in this coordinates the point at infinity on 


the x-axis is 7 = € = 0) we have the equation 
€2 = nt — ¢4 
showing that C' is indeed singular at infinity. One can redefine the coordinates €,7 so 
that C has equation 
(E-9)(E +1?) =0 


showing that C' is a nodal curve. Then it can be desingularized as in Example 8.8. 


A genus formula. We give here, without proof, a formula which can be used to 
compute the genus of the normalization N of a nodal curve C’. Assume that N has t 
irreducible components N1,...,N;, and that C has 6 singular points. Then: 


g(C) = 5° go( Ni) +1-t 46. 
1 


For instance, by applying this formula to Example 8.8, we obtain that the normalization 


is a projective line. 


CoO ND OS® 


Bibliography 


F. Acquistapace, F. Broglia & F. Lazzeri, Topologia delle superficie algebriche in 
P3(C), Quaderni dell’Unione Matematica Italiana 13, Pitagora, Bologna 1979. 


C. Bartocci, U. Bruzzo & D. Hernandez Ruipérez, The Geometry of Supermani- 
folds, Kluwer Acad. Publishers, Dordrecht 1991. 


R. Bott & L. Tu, Differential Forms in Algebraic Topology, Springer-Verlag, New 
York 1982. 


G.E. Bredon, Sheaf theory, McGraw-Hill, New York 1967. 

R. Godement, Théorie des Faisceaux, Hermann, Paris 1964. 

B. Gray, Homotopy theory, Academic Press, New York 1975. 

M.J. Greenberg, Lectures on Algebraic Topology, Benjamin, New York 1967. 


A. Grothendieck, Sur quelques points d’algébre homologique, Tohoku Math. J. 9 
(1957) 119-221. 


P. A. Griffiths & J. Harris, Principles of Algebraic Geometry, Wiley, New York 
1994. 


R. Hain, Moduli of Riemann surfaces, transcendental aspects. ICTP Lectures Notes, 
School on Algebraic Geometry, L. Géttsche ed., ICTP, Trieste 2000 (available from 
http://www.ictp.trieste.it/ pub_off/lectures/). 


R. Hartshorne, Algebraic geometry, Springer-Verlag, New York 1977. 


P. J. Hilton & U. Stammbach, A Course in Homological Algebra, Springer-Verlag, 
New York 1971. 


F. Hirzebruch, Topological Methods in Algebraic Geometry, Springer-Verlag, Berlin 
1966. 


S.-T. Hu, Homotopy theory, Academic Press, New York 1959. 
D. Husemoller, Fibre Bundles, McGraw-Hill, New York 1966. 


S. Kobayashi, Differential Geometry of Complex Vector Bundles, Princeton Uni- 
versity Press, Princeton 1987. 


S. Kobayashi & K. Nomizu, Foundations of Differential Geometry, Vol. I, Inter- 
science Publ., New York 1963. 


125 


126 


18 


19 


20 


21 
22 


BIBLIOGRAPHY 


W.S. Massey, Exact couples in algebraic topology, I, I, Ann. Math. 56 (1952), 
3363-396; 57 (1953), 248-286. 


E.H. Spanier, Algebraic topology, Corrected reprint, Springer-Verlag, New York- 
Berlin 1981. 


B.R. Tennison, Sheaf theory, London Math. Soc. Lect. Notes Ser. 20, Cambridge 
Univ. Press, Cambridge 1975. 


B.L. Van der Waerden, Algebra, Frederick Ungar Publ. Co., New York 1970. 


R.O. Wells Jr., Differential analysis on complex manifolds, Springer-Verlag, New 
York-Berlin 1980. 


